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1 BASICS OF LINEAR ALGEBRA

Quantum Physics, Mechanics, Wall Street and environmental management - what do all these things
have in common? The answer, of course, is Systems of Linear Equations. That’s right folks,
whether you’re looking at the Heisenberg Uncertainty Principle or controlling the amount of waste
that pollutes our oceans you’re going to be interested (of course you already are) in the study of
Systems of linear equations. In this section some basic terminology will be introduced along with a
method for solving such systems.

1.1 Basic Definitions

Definitions
e A linear equation in n variables z;,zs,.. ., z, is one that can be expressed in the form
a1x1 +asxs + ... +apx, =b
where a1, as, - - -, a,, and b are real constants. The variables in a linear equation are sometimes

called the unknowns.

e An arbitrary System of m linear equations in n unknowns is one that can be written as
G11T1 + a1222 + -+ + Q1 Ty = b1

2121 + a22%2 + - - + G2, Ty = by

M1 + QT2 + -+ CGmnTp = by

where once again x1,zs,---,%, are the unknowns and the subscripted a’s and b’s denote
constants.

e A system of linear equations is said to be homogeneous if the constant terms are all zero;
that is, the system has the form

a1121 + a12Ts + -+ a1, =0

a21%1 + Q223 + -+ + agnxy =0

a1mT1 + aGimT2 + - + GmnTn =0

e A sequence of numbers si,ss,...,5, is called a solution of the system if ;1 = s1,29 =
$2,.--,Tn = Sy, 1S & solution of every equation in the system
Example

For example the below equations
4x1 — o + 33 = —1

321+ 22+ 923 = —4

are a system of 2 linear equations in 3 unknowns. The system has the solution x; = 1,22 = 2,23 =
—1 since these values satisfy both equations. The set of values z; = 1,2, = 8,23 = 1 is not a
solution since these values satisfy only the first of the two equations.



1.2 Solving a System of Linear Equations
1.2.1 The Augmented Matrix

Remembering that an arbitrary system of m linear equations in n unknowns can be written as:
a1121 +a1222 + ... + a1z, = by

(2121 + G22%2 + ... + 2%y = by

ATl + A1mZ2 + - -+ QnTn = bm

If one mentally keeps track of the +’s, the x’s, and the =’s, then a system of m linear equations in
n unknowns can be completely described by writing only the rectangular array of numbers:

a1 a12 ain b1
as1 a2 asn  bo
am1 Am2 Amn bm

Such a matrix is referred to as the Augmented Matrix of the system.
Remark
When constructing an augmented matrix, the unknowns must appear in the same order in each
equation and the constants must be on the right.

1.2.2 Elementary Row Operations

As you know, the basic method for solving a system of linear equations is to replace the given system
with a set that has the same solution set but is easier to solve. By applying the below three types
of operation, unknowns are eliminated systematically without altering the solution set.

1. Multiply an equation through by a nonzero constant.
2. Interchange two equations.
3. Add a multiple of one equation to another.

Since the rows of an augmented matrix correspond to the equations in the associated system, these
three operations correspond to the following operations on the rows of the augmented matrix. These
operations are called Elementary Row Operations.

Definitions

e The three Elementary Row Operations are:

1. Multiplying row ¢ by a non-zero number ¢:

R; - tR;
2. Interchange rows i and j:
R; & RJ
3. Adding t times row i to row j:
Rj — Rj + tR;



e Matrix A is row-equivalent to matrix B if B is obtained from A by a sequence of elementary
row operations. Clearly if B is row-equivalent to A then A is row-equivalent to B.

Remark

Elementary row operations can be used to convert an augmented matrix into a special form called
reduced row-echelon form without changing the solution set. Once the conversion is complete the
solution set is easily obtained.

1.2.3 Reduced Row-Echelon Form
Definitions

e A matrix is in reduced row-echelon form or rref for short when the following four conditions
are satisfied:

1. If a row does not consist entirely of zeros, then the first nonzero number in the row is a
1. (This is called a leading 1.)

2. If there are any rows that consists entirely of zeros, then they are grouped together at
the bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeros, the leading 1 in the lower
row occurs farther to the right than the leading 1 in the higher row.

4. Each column that contains a leading 1 has zeros everywhere else.

e A matrix having properties 1, 2 and 3 (but not necessarily 4) is said to be in row echelon
form or ref for short.

Examples

e The following matrices are in reduced row-echelon form:

100 4 100 0 1 =201
00 013
010 7 010
0 01 -1 0 01 00 000
00 000
e The following matrices are in row-echelon form:
1 4 3 7 110 012 60
016 2 010 001 -1 0
001 5 0 00 0 00 01

1.2.4 Gauss Jordan Algorithm

Let A be the augmented matrix that completely describes a given system of m linear equations in
n unknowns. It has already been stated that the solution set of this system can be easily obtained
from the rref of A. Let rref of A be B. So the next question that needs to be asked is how do we
convert A to B using elementary row operations. The answer can be found in the Gauss Jordan
Algorithm.

The Gauss Jordan Algorithm converts a matrix A to its rref. The procedure is outlined below.
As each step is stated, the idea will be illustrated by reducing the following matrix to reduced
row-echelon form.

00 -220 7 12
2 4 -10 6 12 28
2 4 -5 6 -5 -1



. Locate the left most column that does not consist entirely of zeros. In the case above this is
column one.

. Interchange the top row with another row, if necessary, to bring a nonzero entry to the top of
the column found in Step 1.

Ry & Ry
2 4 —-10 6 12 28
00 -220 7 12
2 4 -5 6 -5 -1

. If the entry that is now at the top of the column found in Step 1 is a, multiply the first row
by % in order to introduce a leading 1.

1
Ry — §R1

12 -5 3 6 14
00 -2 0 7 12
2 4 -5 6 -5 -1

. Add suitable multiples of the top row to the rows below so that all entries below the leading

1 become zeros.
Rs; - R3 + —2R;

1 2 =5 3 6 14
00 -2 0 7 12
00 5 0 —17 -29

. Now cover the top row in the matrix and begin again with step 1 applied to the submatrix
that remains. Continue in this way until the entire matrix is in row-echelon form. In this case
our next leftmost nonzero column is column three.

4 12 -53 6 14
Ry— R |00 10 = -6
00 5 0 —17 -29

12 -53 6 14
Ry —+R3+-5R, | 0 0 1 0 5 —6
00 00 3 1

12 -5 3 6 14

Ry —2R; | 0 0 1 0 =L -6

00 00 1 2

The entire matrix is now in row-echelon form. To find the reduced row-echelon form the
following step is needed.

. Beginning with the last nonzero row and working upward, add suitable multiples of each row
to the rows above to introduce zeros above the leading 1’s.

v 1 2 -5 3 6 14
Ry — Ry + §R3 0 0 1 0 O 1
0 0 0 01 2



R —» Ry + —6R3

1

O =

O N
|

O = Ot

O O W

= OO

N = N

| I

L0 0
1 2 0 3 0 7
Ry - R +5R, 0 01 0 0 1
(0000 1 2

Remark
It can be shown that every matrix has a unique reduced row-echelon form.

1.3 A Sample Solution using Gauss-Jordan

Solve by Gauss-Jordan elimination:

r1+ 3x0— 223 + 2z = 0
2x1+ 6xo— dx3— 24+ dxs— 3= -1
dx3+ 10z4 + 15z¢ = 5

2x1+ 62 + 8x4+ 4dxs+ 18x¢ = 6

1. Form the corresponding Augmented Matrix for the system:

3 -2 0 2 0 O
6 -5 -2 4 -3 -1
0 5 10 0 15 5
6 0 8 4 18 6

2. Convert the Augmented Matrix to rref:

13 -2 02 0 0
Ry — Ry + —2R, 00 -1 -2 0 -3 -1
Ri—Ri+-2R, |00 5 100 15 5
00 4 80 18 6
13 -2 02 00
00 1 20 31
Bom=R | 5 g 5 10 0 15 5
00 4 8 0 18 6
13 20200
R3 — R3 + —5R, 0 0 1 2 0 3 1
Ri—Ri+—4R, |0 0 0 0 0 0 0
00 000 6 2
13 -20200
00 12031
RsoRa 1000 000 6 2
00 00000
13 -2020 0
. 00 1203 1
Ba=sfs 190 0001 L
00 0000 0



13 -2 0 2 0 0
00 12000
Ro=Bot=3Rs | g g 9 g0 1 !
100 0000 O
[1 3 0 4 2 0 O
0012000
Ry — Ry +2R> 00000 1 %
|00 000 O0 O
3. Write down the corresponding system of equations:
r1+ 3x0— 213 + 2x3 = 0
xr3+ 224 = 0
Te = %

4. Solve each equation for the leading variables. In this case they are z1,x3 and xg:

T1 = =329 — 4xy — 225
I3 = —2.’174
Teg = i

3

5. Assign the independent variables arbitrary values. In this case the independent variables are
22,4 and x5. Assign the arbitrary values r, s and ¢ respectively. The general solution is given
by the formulas.

1
1 =—3r—4s —2t,xo =r,x3 = —25,24 = S, T5 = t, T = 3

1.4 Consistent and Inconsistent Systems
Definitions
e A system of linear equations that has no solution is said to be inconsistent.

e A system of linear equations with at least one solution is said to be consistent.

1.4.1 Demonstration of Inconsistent and Consistent Systems in the 2 — y Plane

To illustrate the possibilities that can occur in solving systems of linear equations, consider a general
system of two linear equations in the unknowns x and y:

Cl1.’1!+b1y =c1 >l

a2x+b2y =cy = Iy

(NB a; and by not both zero and as and by not both zero). The graphs of these equations are lines:
call them /; and l5. Since a point (z,y) lies on a line if and only if the numbers z and y satisfy the
equation of the line, the solutions of the system of equations correspond to points of intersection of
l1 and [. There are three possibilities:

e The lines /; and I; may be parallel, in which case there is no intersection and consequently no
solution to the system. Thus the system of equations is said to be inconsistent.

e The lines /; and I, may intersect at only one point, in which case the system has exactly one
solution. Thus the system of equations is said to be consistent.



e The lines /; and [; may coincide, in which case there are infinitely many points of intersection
and consequently infinitely many solutions to the system. Thus this system is also said to be

consistent.

Although we have only demonstrated this for a special case, it can be shown in general that the

following theorem holds.

Theorem 1.1 Every system of linear equations has either no solutions, exactly one solution, or

infinitely many solutions.

1.5 Solving Homogeneous Systems of Linear Equations

Solving the below homogeneous system of linear equations

21+ 2x9— x3 + 5= 0
—Z1— Ta+ 2z3— 34+ 5= 0
1+  T2— 23 - 5= 0
T3+ T4+ x5 = 0
The augmented matrix for the system is
2 2 -1 0 10
-1 -1 2 -3 10
1 1 -2 0 -1 0
0 0 1 1 10
Reducing the matrix to rref, we obtain
110010
001010
000100
000 0O0O
The corresponding system of equations is
T+ T2 + 5= 0
T3 + x5= 0
X4 0
Solve each equation for the leading variables
Il = —Tg — Tj
I3 = —Ts
Ty = 0
Then the general solution is
1 =—8—t,x2a =8,23 = —t, 24 =0,25 =1

Note that the trivial solution is obtained when s =¢ = 0.
This example illustrates two important points about solving a homogeneous system of linear

equations:

e None of the three elementary row operations alter the final column of zero’s. Therefore, the
corresponding system of equations to the rref is also a homogeneous system of linear equations.



e Depending on the number of zero rows in the rref the number of equations in the reduced
system is less than or equal to the number of equations in the original system.

These two observations are instrumental in proving the following theorem.

Theorem 1.2 A Homogeneous System of linear equations with more unknowns than equations has
infinitely many solutions

Proof: If a given homogeneous system has m equations; in n unknowns such that m < n, and if
there are r non-zero rows in the rref of the augmented matrix, it follows that » < n. The system of
equations corresponding to the rref of the augmented matrix will have the following form:

© Ty + Z( ) =0
Ty +22() =0
zr, +22() =0
where zy,, Tk,,. .., 2k, are the leading variables and > (') denotes sums (possibly all different) that

involve the n — r free variables. Solving for the leading variables gives

Tk, :_Z()
Lk :_Z()

As in the above example, arbitrary values can be assigned to the free variables on the right hand
side and thus infinitely many solutions are obtained for the system.

1.6 Important Matrices

There are two matrices which are of special significance in linear algebra:
Definitions

e Square matrices taking the form of 1’s on the main diagonal and 0’s off the main diagonal, are
called Identity Matrices. Such matrices are denoted by I. If it is important to emphasize
the size, I,, shall be written to denote the n x n identity matrix. For instance I3 is the matrix:

1 00

010

0 01
If A is an m X n matrix, then

Al =A and I, A=A

Thus an identity matrix plays much the same role in matrix arithmetic as the number 1 plays
in the numerical relationshipa-1=1-a = 1.

o If Ais asquare matrix, and if a matrix B of the same size can be found such that AB = BA =1,
then A is said to be invertible or non-singular and B is called the inverse of A. If A is not
invertible it is said to be singular.



e A square matrix in which all of the entries off the main diagonal are zero is called a diagonal
matrix. Some examples are:

6 0 0 0
2 01|V allo 400
0 =5 00 1 0 0 0O
0 0 0 8
A general n x n matrix D can be written as
d 0 ... 0
0 d ... 0
D=| . . . .
0o 0 ... d,

1.6.1 Properties of Diagonal Matrices
Diagonal matrices enjoy the following properties.

e A diagonal matrix is invertible if and only if all of its diagonal entries are nonzero; in this case
the inverse of the general form is

1
z 0 ... 0
N B
D= _
; 1
0 0 L

Verify that DD~! = D='D =1.

Powers of diagonal matrices are easy to compute; once again it is left to the reader to verify
that if D is a the general diagonal matrix and k is any positive integer, then

dqfF 0 ... 0
ok 0 dF ... 0
0 0 ... d,t

A diagonal matrix is its own transpose. That is to say that D = DT

To multiply a matrix A on the left by a diagonal matrix D, one can multiply successive rows
of A by the successive diagonal entries of D. For example:

d 0 O ai1 Qa2 a13 G4 diain diars diais diais
0 do O a1 Q22 Q23 Qo4 | = | daas1 daazy drass daass
0 0 ds as1 as2 Gs3 G34 dsas1 dsass dsass dsass

To multiply a matrix A on the right by a diagonal matrix D, one can multiply successive rows
of A by the successive diagonal entries of D. For example:

a11 ai12 a3 d 0 0 diai1 draix  dsags
a21 Q22 Q23 0 dy 0 _ diaz1  daazy  dsass
as1 as2 Gs3 0 0 ds diaz; doass  dsass
a41 Q42 Q43 diay1 doags  dsass



2 VECTOR SPACES AND SUBSPACES

What is a vector? Many are familiar with the concept of a vector as:
e Something which has magnitude and direction.
e an ordered pair or triple.
e a description for such quantities as Force, velocity and acceleration.

Such vectors belong to the foundation vector space - R - of all vector spaces. The properties of
general vector spaces are based on the properties of ™. It is therefore helpful to consider briefly
the nature of ™.

2.1 The Vector Space R"
Definitions

e Ifn is a positive integer, then an ordered n-tuple is a sequence of n real numbers (aq, as, . .. ,a,).
The set of all ordered n-tuples is called n-space and is denoted by R™.

When n = 1 each ordered n-tuple consists of one real number, and so  may be viewed as the set
of real numbers. Take n = 2 and one has the set of all 2-tuples which are more commonly known as
ordered pairs. This set has the geometrical interpretation of describing all points and directed line
segments in the Cartesian z — y plane. The vector space 2, likewise is the set of ordered triples,
which describe all points and directed line segments in 3-D space.

In the study of 3-space, the symbol (a1, a2, as) has two different geometric interpretations: it can
be interpreted as a point, in which case a1, as and a3 are the coordinates, or it can be interpreted as a
vector, in which case a1, as and as are the components. It follows, therefore, that an ordered n-tuple
(a1, a2, ...,a,) can be viewed as a ”generalized point” or a ”generalized vector” - the distinction is
mathematically unimportant. Thus, we can describe the 5-tuple (1,2,3,4,5) either as a point or a
vector in 2.

Definitions
e Two vectors u = (u1,ua,...,u,) and v = (v1,v2,...,v,) in ™ are called equal if
Uy =V1,U2 = V2y...,Up = Up
e The sum u + v is defined by
u+v=(ug+vi,us +v2,..., Uy + Vp)

Let k be any scalar, then the scalar multiple ku is defined by
ku = (kuy, kua, .. ., kuy)

These two operations of addition and scalar multiplication are called the standard operations
on R™.

The zero vector in R” is denoted by 0 and is defined to be the vector

0 =(0,0,...,0)

The negative (or additive inverse) of u is denoted by -u and is defined by

-—u= (_ula —U2,..., —Un)

10



e The difference of vectors in £" is defined by

v—u=v+(—u)

The most important arithmetic properties of addition and scalar multiplication of vectors in R™
are listed in the following theorem. This theorem enables us to manipulate vectors in R" without
expressing the vectors in terms of components.

Theorem 2.1 Ifu = (u1,uz,...,Up), V= (v1,02,...,0,), and w = (w1, ws, ..., w,) are vectors in
R™ and k and | are scalars, then:

I.u+v=v+u
22 u+(v+w)=(u+v)+w

3 u+0=0+u=nu

4. u+(—u)=0; that is, u—u=20
5. k(lu) = (kl)u

6. k(u+v) =Fku+kv

7. (k+1lu=ku+lu

8

. lu=u

2.2 Generalized Vector Spaces

The time has now come to generalize the concept of a vector. In this section a set of axioms are
stated, which if satisfied by a class of objects, entitles those objects to be called ”vectors.” The
axioms were chosen by abstracting the most important properties (Theorem 2.1) of vectors in R";
as a consequence, vectors in " automatically satisfy these axioms. Thus, the new concept of a
vector, includes many new kinds of vector without excluding the ’common vector’. The new types of
vectors include, among other things, various kinds of matrices and function. (But how on earth can
a function be a frigging vector? Trust me my faithful readers, it will all become clear). The work
covered in this section provides a powerful tool for the extension of geometrical visualisation to a
wide variety of important mathematical problems where geometric intuition is otherwise unavailable.
Briefly stated the concept is this: It is possible to visualize vectors in ®2 and #° geometrically as
arrows, which enables the drawing of physical and mental pictures which aid the solution of the
problem. Now the axioms used to create the new kinds of vectors are based on the properties of
vectors in 12 and R3, and therefore have many of the familiar properties of vectors in 12 and 3.
Consequently, the solving of problems involving the new kinds of vectors, say matrices or functions,
may be aided by visualizing geometrically what the corresponding problem would be like in ®? or
3.

Definitions

e Let V be an arbitrary nonempty set of objects on which two operations are defined, addition
and multiplication by scalars (number). Addition is a rule (not necessarily the standard rule)
for associating with each pair of objects u and v in V' an object u + v, called the sum of u
and v; scalar multiplication is a rule (not necessarily the standard rule) for associating with
each scalar k and each object u in V an object ku, called the scalar multiple of u by k. If
the following axioms are satisfied by all objects u,v,w in V and all scalars k and [, then V is
called a vector space and the objects in V are called vectors.

11



If u and v are objects in V, then u + visin V.
u+v=v+u
ut+(v+w)=(u+v)+w

There is an object 0 in V, called a zero vector for V, such that u+0 =0+ u = u for
aluin V.

-~ W o=

ot

For each uin V, there is an object -u in V', called the negative of u, such that u+(—u) =
—u+u=0;

If k£ is any scalar and u is any object in V, then ku is in V.
k(la) = (kl)u

k(u+v)=ku+kv

(k+Du=ku+lu

10. lu=u

© *® N>

Remark Depending on the application, scalars may be either real numbers or complex numbers.
Vector spaces in which the scalars are complex are referred to as Complex vector spaces. Vector
spaces in which the scalars must by Real are referred to as Real vector Spaces. Discussion in this
subject will be limited to Real Vector Spaces.

It is of the utmost importance to keep in mind that the definition of a vector space specifies
neither the nature of the vectors nor the operations. It is possible for any kind of object to be a
vector, and the operations of addition and scalar multiplication may not have any relationship or
similarity to the standard vector operations on ™. The only requirement is that the ten vector
space axioms be satisfied. The notations & and ®@ are used in the notes for vector addition and
scalar multiplication to distinguish between these operations and the standard vector operations
previously introduced.

Examples of Vector Spaces

A wide variety of Vector spaces are possible under the above definition as illustrated by the
following examples. In each example a nonempty set of V' and two operations: addition and scalar
multiplication will be specified. Then it shall be demonstrated that the 10 axioms are satisfied,
hence entitling V' with the specified operations, to be called a vector space.

1. Show that the set V for all 2 x 2 matrices with real entries is a vector space if vector addition
is defined to be matrix addition and vector scalar multiplication is defined to be matrix scalar
multiplication.

In this example the axioms will be verified in the following order: 1, 6, 2, 3, 4, 5, 7, 8, 9 and

10. Let
u u v v
u= 11 12 and v = 11 12
Uo1 U2 V21 U322

To prove Axiom 1, it must be shown that u + v is an object in V; that is, it must be shown

that u 4+ v is a 2x2 matrix. But this follows from the definition of matrix addition, since

u+v:[ull U12]+[U11 012]:[U11+U11 U12+Ul2]

U21 U2z V21  Uag U21 + V21 U2z + V22

Similarly, Axiom 6 holds because for any real number &

U1 U112 | _ kuir  kuia
U1 U232 kua1  kuao

ku=k [
so that ku is a 2x2 matrix and consequently is an object in V.

12



Proving Axiom 2:

Ul U2 ] [ v11 V12 ] _ [ u11 + 011 U12 + V12 ]

u+v=
U1 U2 Va1 V22 U21 + V21 U2z + V22

_[U11+U11 U12+U12]_[U11 U12]+[U11 U12

=v+u
V21 + U21 V22 + U2z V21 V22 U21  U22

Proving axiom 3:
U u v v w w
a4+ (v + W) — 11 12 + 11 12 + 11 12
U21 U2 V21 V22 w21 W22

| w1l w12 " V11 w11 V12 + Wiz
U1 U22 V21 + W21 V22 + Wa2

| wir +v1n +wir w2 + V12 + w2
U21 + V21 + Wa1 U2z + V22 + Wa2

| uw1r 11 w2 + 12 n w11  Wi2
U21 + V21 U22 + V22 W21 W22

u21 U222 V21 V22 w21 W22

:([”11 “12]+[”“ ”12D+[“’“ w”]:(u+v)+w

To prove axiom 4, an object 0 must be found in V' such that u4+0 =04+ u = 0 for all u in
V. Define 0 to be
0= 0 0
100
With this definition
0+u=[0 0]+[U11 U12]:[U11 U12]:u
0 0 Ua1 U292 U21  U22

and similarly u+ 0 = u.

To prove axiom 5, it must be shown that for every object u in V there is a negative -u such
that u + —u = 0. Let the negative of u be

| U111 —ui2
—u=
—U21 —U22

With this definition

e[ ][ 2 ]-[8 )

U1 U9 —U21 —U22

and similarly (—u) + u = 0.

Proving axiom 7:
_ U1l U192 _ luir  luqs _ kluir  kluqg
k(lu) =k (l [ oy Uz ]) = k[ lupy  lugs ] - [ klug:  Klugg ]

=Kl [ ti 2 ] = (kl)u

Uz1 U222

13



Proving axiom 8:

k(u+v):k([ u11 u12]+[1111 V12 ]):k[un-i-vu u12+v12]

U2l U22 V21  U22 U21 + V21 U2 + V22

| kunn +kvir kuis +kvie | | kBunn kuge kv kvia
| kugr +kvar  kusa + kvaa | | kuar  kuas kvar  kvaa

:k[““ “12]+k[”” ”12]=ku+kv
U21 U222

V21 V22
Proving axiom 9:

e A B S o e

U21 U2 (k+Duar  (k+ Duae

| kun +Hlunn kuie + lugs
| kuor +lugr kuge + luge

_ [ kuir  kuio ] + [ luir  lugs

kuor  kuoo lugr  lugs ] =kutlu

Axiom 10 is a simple computation

_ U1 U2 | _ | U1 U2 | _
Iu=1 = =u
U21 U222 U21 U222

Therefore the set of all real 2x2 matrices, with matrix addition and matrix scalar multiplication
form a Vector Space

2. Let V by the set of real-valued functions defined on the entire real line (—oo, 00). If f = f(z)
and g = g(z) are two such functions and k is any real number, define the sum function f + g
and the scalar multiple kf by

(f+g)(z) = f(z) + 9(=)
(kf)(z) = kf(x)

It is again convenient to verify the axioms in the following order: 1, 6, 2, 3, 4, 5, 7, 8, 9 and
10.

To prove axiom 1 it must be shown that f + g is an object in V'; that is it must be shown that
f + g is a real-valued function defined on the entire real line. This is quite simple.

fz)eR V z € (—o0,0)

g(r) ER V z € (—00,0)

therefore
f+g)(z)=f(x)+g(x)eR V z € (—00,x)

In the same way axiom 6 holds because for any real number k& we have

(kf)(z) =kf(z) eR V z € (—00,00)

Proving Axiom 2:

(f+8)(z) = f(z) + 9(z) = g(z) + f(z) = (g + )(2)

14



YV z € (—o00,0)
Proving Axiom 3:
(f+ (g +h))(2) = f(z) + (9(z) + h(z)) = f(z) + g(z) + h(z)

= (f(2) + 9(2)) + h(z) = ((f + g) + h)(z)
YV z € (—o00,0)

Proving Axiom 4:

Let the 0 vector be the constant function that is identically zero for all values of z. The graph
of this function is the line that coincides with the z-axis. Then quite clearly

(£+0)(z) = f(&) + 0= (0 + f)(a) = £
YV z € (—o00,0)

Proving Axiom 5:

Let the negative of f be -f = -f(x). Then quite clearly
(f+ (-10)(z) = f(z) + —f(z) =0
V z € (—o00,0)
Proving Axiom 7:
k+0Df=((k+Df(z) =kf(z) +1f(z) = (kf)(z) + (kl)(z) = kf + If
V z € (—o00,0)

Proving Axiom 8:
k(If) = k(lf(2)) = klf(z) = (k) f(z) = (kDf

YV z € (—o00,0)
Proving Axiom 9:
(k(f +g))(z) = k(f(z) + 9(z)) = kf(z) + kg(z) = (kf)(z) + (kg)(z)
V z € (—o00,00)

Proving Axiom 10:
If =1f(z) = f(z) =1

V z € (—o0,0)

. Let V = R? and define addition and scalar multiplication operations as follows: If u = (u1,us)
and v = (v, v2), then define
u+v = (u1 +vr,u2 +v2)

and if k£ is any real number, then define
ku = (kuq,0)
For example, if u = (2,3),v = (5,2),k = 4, then

u+v=(2+523+2)=(7,5)
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ku=4u= (4-3,0) = (12,0)

Note that the addition operation is the standard addition operation on R2, but the scalar
multiplication operation is not standard. It can be shown that the first nine vector axioms hold.
However there are values of u for which Axiom 10 fails to hold. For example, if u = (uy,u2)
such that us # 0, then

lu = 1(u1,u2) = (1-u1,0) = (u1,0) #u
Thus, V is not a vector space with the stated operations.

2.2.1 Some Properties of Vectors

More and more examples of vector spaces will be added to the list as the course continues. It is
important to realize that all vector spaces obey the following theorem which lists a useful set of
vector properties.

Theorem 2.2 Let V be a vector space, u a vector in 'V, and k a scalar; then:

(a) Ou=20
(b) K0=0
(c) (-l)u=—u

(d) If ku=0, then k=0 or u=0.

This theorem is easily proved by using the 10 axioms of Vector Spaces.

2.3 Subspaces

It is possible for one vector space to be contained within a larger vector space. This section will
look closely at this important concept.
Definitions

e A subset W of a vector space V is called a subspace of V if W is itself a vector space under
the addition and scalar multiplication defined on V.

In general, all ten vector space axioms must be verified to show that a set W with addition
and scalar multiplication forms a vector space. However, if W is part of a largest set V' that is
already known to be a vector space, then certain axioms need not be verified for W because they
are ”inherited” from V. For example, there is no need to check that u+v = v+ u (Axiom 2) for W
because this holds for all vectors in V' and consequently holds for all vectors in W. Likewise, Axioms
3,7,8,9 and 10 are inherited by W from V. Thus to show that W is a subspace of a vector space V
(and hence that W is a vector space), only Axioms 1, 4, 5 and 6 need to be verified. The following
theorem reduces this list even further by showing that even Axioms 4 and 5 can be dispensed with.

Theorem 2.3 If W is a set of one or more vectors from a vector space V, then W is a subspace of
V if and only if the following conditions hold.

(a) If u and v are vectors in W, then u + v is in W.

(b) If k is any scalar and u is any vector in W, then ku is in W.
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Proof: If W is a subspace of V, then all the vector space axioms are satisfied; in particular, Axioms
1 and 6 hold. But these are precisely conditions (a) and (b).

Conversely, assume conditions (a) and (b) hold. Since these conditions are vector space Axioms
1 and 6, it only remains to be shown that W satisfies the remaining eight axioms. Axioms 2, 3, 7, 8,
9 and 10 are automatically satisfied by the vectors in W since they are satisfied by all vectors in V.
Therefore, to complete the proof, we need only verify that Axioms 4 and 5 are satisfied by vectors
in W.

Let u be any vector in W. By condition (b), ku is in W for every scalar k. Setting k = 0, it
follows from Theorem 2.2 that Ou = 0 is in W, and setting k = —1, it follows that (—1)u = —u is
in W.

Remarks
e Note that a consequence of (b) is that 0 is an element of W.

e A set W of one or more vectors from a vector space V is said to be closed under addition if
condition (a) in Theorem 2.3 holds and closed under scalar multiplication if condition (b)
holds. Thus, Theorem 2.3 states that W is a subspace of V if and only if W is closed under
addition and closed under scalar multiplication.

Examples of Subspaces

1. A plane through the origin of 2 forms a subspace of ®3. This is evident geometrically as
follows: Let W be any plane through the origin and let u and v be any vectors in W other
than the zero vector. Then u+ v must lie in W because it is the diagonal of the parallelogram
determined by u and v, and ku must lie in W for any scalar k because ku lies on a line through
u. Thus, W is closed under addition and scalar multiplication, so it is a subspace of $3.

2. A line through the origin of 2 is also a subspace of R3. It is evident geometrically that the
sum of two vectors on this line also lies on the line and that a scalar multiple of a vector on
the line is on the line as well. Thus, W is closed under addition and scalar multiplication, so
it is a subspace of 3.

3. Let n be a positive integer, and let W consist of all functions expressible in the form
p(z) =ap+ a1z + ...+ apz”

where ag, . .., a, are real numbers. Thus, W consists of the zero function together with all real
polynomials of degree n or less. The set W is a subspace of the vector space of all real-valued
functions discussed in Example 2 of section 2.2. To see this, let p and q be the polynomials

p(z) =ap+ a1z + ...+ az”

and
qg(x) =bo + b1z + ...+ by
Then
(p+a)(z) = p(x) + q(x) = (a0 + bo) + (a1 + b1)x + ...+ (an + by)2"
and

(kp)(z) = kp(z) = (kao) + (kar)z + ... + (kay)z"

These functions have the form given above, so p + q and kp lie in W. This vector space W
shall be denoted by the symbol P,.
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2.4 Linear Combination of Vectors
Definitions

e A vector w is called a linear combination of the vectors vy, vs,...,v, if it can be expressed
in the form
w = kivr + kova + ...+ kpv,

where ki, ko, ...,k are scalars.
Example

1. Consider the vectors u = (1,2,—1) and v = (6,4,2) in R3. Show that w = (9,2, 7) is a linear
combination of u and v and that w' = (4, —1,8) is not a linear combination of u and v.

In order for w to be a linear combination of u and v, there must be scalars k; and k2 such
that k1u + kov = w; that is in matrix form,

1 0 -3
01 2
| 0 0 0 |
The corresponding equations simply state k; = —3 and ks = 1. Therefore w = —3u + 1v

Similarly, for w’ to be a linear combination of u and v, there must be scalars k; and k; such
that w' = kyju + kov; that is in matrix form,

Forming the augmented matrix of the system gives

16 4
2 4 -1
-1 2 8|

Finding the rref of the augmented matrix gives
1 00
010
0 01

Clearly from the last row of the rref the system is inconsistent and therefore, no such scalars
k1 or ko exist. Consequently w' is not a linear combination of u and v.
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2.4.1 Spanning

If vq,va,..., v, are vectors in a vector space V, then generally some vectors in V' may be lin-
ear combinations of vy,va,..., vy and others may not. The following theorem shows that if a
set W is constructed consisting of all those vectors that are expressible as linear combinations of
Vi1,Va,...,Vy, then W forms a subspace of V.

Theorem 2.4 If vy,Va,..., Ve are vectors in a vector space V, then:
(a) The set W of all linear combinations of v1,va,...,Vy is a subspace of V.

(b) W is the smallest subspace of V that contains v1,va,..., Vv, every other subspace of V that
contains vi,Va, ..., Ve must contain W

Proof:

(a) To show that W is a subspace of V, it must be proven that it is closed under addition and scalar
multiplication. There is at least one vector in W, namely, 0, since 0 = Ovy +0va + ... + 0v,.
If u and v are vectors in W, then

u=-c¢Vvy+cVa+...+CVy

and
v=Fkvy+kyva+...+k-vp

where ¢y, ¢2,...,¢r, k1, ke, ..., k. are scalars. Therefore
u+v=_(c +k)vi+(c2+ko)va+...+ (cr + kr)ver

and, for any scalar k,
ku = (kci)vy + (ke2)va + ... + (kep)ve

Thus, u + v and ku are linear combinations of vq,va,..., v, and consequently lie in W.
Therefore, W is closed under addition and scalar multiplication.

(b) Each vector v; is a linear combination of vq,va,..., Vv, since we can write

Vi=0vi+0ve+ ...+ 1vi+... +0v,

Therefore, the subspace of W contains each of the vectors vi,va,...,v.. Let W' be any
other subspace that contains vi,va,...,v.. Since W' is closed under addition and scalar
multiplication, it must contain all linear combinations of v1,va,...,v.. Thus W’ contains

each vector of W.

Definitions

o If S = {vy,va,...,Ve} is a set of vectors in a vector space V, then the subspace W of V
consisting of all linear combinations of the vectors in S is called the space spanned by
V1,Va,...,Vy, and it is said that the vectors v1,va,..., v, span W. To indicate that W is
the space spanned by the vectors in the set S = {v1,Va,...,v,} the below notation is used.

W = span(S) or W = span{vi,va,...,Vr}

Examples The polynomials 1,2,22,...,z" span the vector space P, defined previously since each
polynomial p in P, can be written as

Pp=ayt+az+---+a,z"
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which is a linear combination of 1,z,z2,...,2™. This can be denoted by writing
P, = span{l,z,2%,... 2"}

Spanning sets are not unique. For example, any two noncollinear vectors that lie in the z — y
plane will span the z — y plane. Also, any nonzero vector on a line will span the same line.

Theorem 2.5 If S = {v1,va,...,vr} and S' = {w1,wWa,..., Wi} are two sets of vectors in a vector
space V', then
span{vi,va,...,ve} = span{wyi, wWa,..., Wi}

if and only if each vector in S is a linear combination of those in S’, and conversely each vector in
S' is a linear combination of those in S.

Proof: If each vector in S is a linear combination of those in S’ then
span(S) € span(S')

If each vector in S’ is a linear combination of those in S then
span(S') € span(S)

and therefore
span(S) = span(S')

if

Vi #a1w1 +aewWa + -+ apWn
for all possible ay,as,--.,a, then

vi € span(S) but v; & span(S’)
therefore

span(S) # span(S')

and vice versa.

2.5 Linear Independence

In the previous section it was stated that a set of vectors S spans a given vector space V if every
vector in V' is expressible as a linear combination of the vectors in S. In general, it is possible that
there may be more than one way to express a vector in V' as a linear combination of vectors in a
spanning set. This section will focus on the conditions under which each vector in V' is expressible
as a unique linear combination of the spanning vectors. Spanning sets with this property play a
fundamental role in the study of vector spaces.

Definitions If S = {v1,vs,...,v,} is a nonempty set of vectors, then the vector equation

kivi + kaova +---+ k. ve =0
has at least one solution, namely
k1=0,k2=0,...,k-=0

If this is the only solution, then S is called a linearly independent set. If there are other solutions,
then S is called a linearly dependent set.
Examples
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1. If vi = (2,-1,0,3),v2 = (1,2,5,-1) and v3 = (7,—1,5,8), then the set of vectors S =
{v1,V2,vs} is linearly dependent, since 3vy + vy — vz = 0.

2. The polynomials
pr=1—2,p2=5+3z—22% andps =1+ 3z — z°
form a linearly dependent set in P, since 3p; — p2 + 2p3 =0

3. Consider the vectors i = (1,0,0),j = (0,1,0),k = (0,0,1) in ®3. In terms of components the
vector equation
kii+kaj+ksk=0

becomes
k1(17 07 0) + k2(07 ]-7 0) + k3(07 07 ]-) = (07 07 0)

or equivalently,
(kla k27 kS) = (01 07 0)

Thus the set S = {i, j,k} is linearly independent. A similar argument can be used to extend
S to a linear independent set in R™. Try and work out what the linear independent set is in
your head.

The following two theorems follow quite simply from the Definition of linear independence and
linear dependence.

Theorem 2.6 A set S with two or more vectors is:

(a) Linearly dependent if and only if at least one of the vectors in S is expressible as a linear
combination of the other vectors in S.

(b) Linearly independent if and only if no vector in S is expressible as a linear combination of the
other vectors in S.

Example
1. Recall that the vectors
vi =(2,-1,0,3),v2a = (1,2,5,—-1) and v3 = (7,—1,5,8)

were linear dependent because
3V1 + Vo — Vg = 0

It is obvious from the equation that

vy = %Vz + §V3, Vo = —3V1 + ].V37 Vg = 3V1 + 1V2

Theorem 2.7 (a) A finite set of vectors that contains the zero vector is linearly dependent.

(b) A set with exactly two vectors is linearly independent if and only if neither vector is a scalar
multiple of the other.

2.6 Operations on Vector Spaces

Definitions
e The addition of two vector spaces is defined by: U+ V ={u+v|lueU,v eV}
e The intersection N of two vector spaces is defined by:

UnV={wweUandw eV}
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3 BASIS AND DIMENSION

A line is thought of as 1-Dimensional, a plane 2-Dimensional, and surrounding space as 3-Dimensional.
This section will attempt to make this intuitive notion of dimension precise and extend it to general
vector spaces.

3.1 Coordinate systems of General Vector Spaces

A line is thought of as 1-Dimensional because every point on that line can be specified by 1 coordinate.
In the same way a plane is thought of as 2 Dimensional because every point on that plane can be
specified by 2 coordinates and so on. What defines this coordinate system? The most common form
of defining a coordinate system is the use of coordinate axes. In the case of the plane the z and
y axes are used most frequently. But there is also a way of specifying the coordinate system with
vectors. This can be done by replacing each axis with a vector of length one that points in the
positive direction of the axis. In the case of the x — y plane the x and y-axes are replaced by the
well known unit vectors i and j respectively. Let O be the origin of the system and P be any point
in the plane. The point P can be specified by the vector OP. Every vector, OP can be written as
a linear combination of i and j:
OP = ai + bj

The coordinates of P, corresponding to this coordinate system, are (a,b).

Informally stated, vectors such as i and j that specify a coordinate system are called ”basis
vectors” for that system. Although in the preceding discussion our basis vectors were chosen to be
of unit length and mutually perpendicular this is not essential. As long as linear combinations of the
vectors chosen are capable of specifying all points in the plane. In our example this only requires
that the two vectors are not collinear. Different basis vectors however do change the coordinates of
a point, as the following example demonstrates.

Example Let S = {i,j}, U = {i,2j} and V = {i+],j}. Let the sets S,U and V be three sets of
basis vectors. Let P be the point i+ 2j. The coordinates of P relative to each set of basis vectors is:

S —(1,2)
U—-(1,1)
T — (1,1)

The following definition makes the preceding ideas more precise and enables the extension of a
coordinate system to general vector spaces.
Definition

e If V is any vector space and S = {v1,Va,...,Vn} is a set of vectors in V', then S is called a
basis for V if the following two conditions hold:

(a) S is linearly independent
(b) S spans V

A basis is the vector space generalization of a coordinate system in 2-space and 3-space. The
following theorem will aid in understanding how this is so.

Theorem 3.1 If S = {v1,V2,...,Vn} is a basis for a vector space V, then every vector v in'V can
be expressed in the form v = ¢1vy + coVa + - - + ¢,V in ezactly one way.
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Proof: Since S spans V, it follows from the definition of a spanning set that every vector in V is
expressible as a linear combination of the vectors in S. To see that there is only one way to express
a vector as a linear combination of the vectors in S, suppose that some vector v can be written as

V=cC1V1+CVa+---+C,Vn
and also as
v=Fkvi+kyva+---+k,vn

Subtracting the second equation from the first gives
0= (Cl — k‘l)Vl + (C2 — kz)Vz —+ -+ (Cn — kn)vn

Since the right side of this equation is a linear combination of vectors in S, the linear independence
of S implies that
(C]_ —kl) :0,(02 —kz) ZO,...,(Cn—k‘n)

That is
C1 :kl,CQ :kg,...,cn:kn

Thus the two expressions for v are the same.

Definitions
o If S ={vy1,va,...,vn} is a basis for a vector space V, and
V=cCVy+cCVa+---+CcpVp
is the expression for a vector v in terms of the basis S, then the scalars ¢;, ca, . . ., ¢, are called
the coordinates of v relative to the basis S. The vector (c1,¢a,...,¢,) in R™ constructed

from these coordinates is called the coordinate vector of v relative to S; it is denoted by
[v]s = (c1,¢2,...,¢p)

o If v = [v]gs then S is called the standard basis.

Remark It should be noted that coordinate vectors depend not only on the basis S but also on the
order in which the basis vectors are written; a change in the order of the basis vectors results in a
corresponding change of order for the entries in the coordinate vectors.

Examples

1. In example 3 of Section 2.5 it was shown that if
i=(1,0,0), j=(0,1,0) and k=(0,0,1)

then S = {i,j, k} is a linearly independent set in R3. This set also spans R° since any vector
v = (a, b, c) can be written as

v = (a,b,c) = a(1,0,0) + b(0,1,0) + ¢(0,1,1) = ai + bj + ck

Thus, S is a basis for ®3. It is in fact a standard basis for ®3. Looking at the coefficients of
i,j and k above, it follows that the coordinates of v relative to the standard basis are a,b and
c, SO
[v]s = (a,b,¢)
and so we have
[Vls=v
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3.2 Dimension of General Vector Spaces

Definition

e A nonzero vector space V is called finite-dimensional if it contains a finite set of vectors
{v1,V2,...,vn} that forms a basis. If no such set exists, V' is called infinite-dimensional.
In addition, the zero vector space is regarded as finite-dimensional.

Examples
e The vector spaces ®" and P,, are both finite-dimensional.

e The vector space of all real valued functions defined on (—o0, 00) is infinite-dimensional.
Theorem 3.2 If V is finite-dimensional vector space and {v1,Va,...,Vn} is any basis, then:
(a) Every set with more than n vectors is linearly dependent.

(b) No set with fewer than n vectors spans V.

Proof:
(a) Let 8" = {w1,Wa,..., W} be any set of m vectors in V, where m > n. It remains to be
shown that S’ is linearly dependent. Since S = {v1,Va,...,Vn} is a basis for V, each w; can

be expressed as a linear combination of the vectors in S, say:
W1 =a11V1 +a21Vv2 + -+ Gp1Vn

W2 = @12V1 + G22V2 + -+ + Ap2Vn

Wm = G1mV1 + a2mVe + ' + GpmVn

To show that S’ is linearly dependent, scalars k1, ks, ..., k, must be found, not all zero, such
that
kiwy + kowg + -+ kpwy, =0

combining the above 2 systems of equations gives
(kra11 + k2a12 + - -+ + kmaim)va
+ (k1a21 + k2a22 + - -+ + kmagm)va
+ (klanl + kaap2 + -+ kmanm)vn =0

Thus, from the linear independence of S, the problem of proving that S’ is a linearly dependent
set reduces to showing there are scalars k1, ko, ..., kny, not all zero, that satisfy

ainky + aks + -+ a1k, =0

as1 k1 + azks + - - + asmkm =0

anlkl + an2k2 + -+ anmkm =0

As the system is homogeneous and there are more unknowns than equations (m > n) Theorem
1.2 guarantees that there are non trivial solutions such that ki, ks, .. ., k,, are not all zero.
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(b) Let 8" = {w1,W2,...,Wm} be any set of m vectors in V, where m < n. It remains to be
shown that S’ does not span V. The proof is by contradiction: assume S’ spans V. This leads
to a contradiction of the linear dependence of the basis S = {v1,v2,...,va} of V.
If S’ spans V, then every vector in V' is a linear combination of the vectors in S’. In particular,
each basis vector v;j is a linear combination of the vectors in S’, say

Vi =011W1 +a21W2 + -+ ap1Wm

V2 = 012W1 + G20W2 + - - + GpaWp

Vn = 01p,W1 + A2, W2 + *** + QWi

To obtain the contradiction it will be shown that there exist scalars k1, k2, .. ., k, not all zero,
such that
k1V1+k2V2+"'+ann =0

Observe the similarity to the above two systems compared with those given in the proof of
(a). It can be seen that they are identical except that the w’s and the v’s and the m’s and n’s
have been interchanged. Thus the above system in the same way again reduces to the problem
of finding k1, k2, . .., ky, not all zero, that satisfy

a1k + aizks + -+ a1mk, =0

az1k1 + azks + - - + asmkn, =0

am1kr + amaka + -+ amnkn, =0

As the system is homogeneous and there are more unknowns than equations (n > m) Theorem
1.2 guarantees that there are non trivial solutions such that ki, ks, . . . , k,,, are not all zero. And
hence the contradiction.

The last theorem essentially states this. Let S be a set with n vectors which forms a basis for
the vector space V. Let S’ be another set of vectors in V' consisting of m vectors. If m is greater
than n, S’ cannot form a basis for V' as the vectors in S’ cannot be linearly independent. If m is less
than n, S’ cannot form a basis for V because it does not span V. Thus, Theorem 3.2 leads directly
into one of the most important theorems in linear algebra.

Theorem 3.3 All bases for a finite-dimensional vector space have the same number of vectors.

And thus the concept of dimension is almost complete. Alls that is needed is a definition.
Definition

e The dimension of a finite-dimensional vector space V', denoted by dim(V), is defined to be
the number of vectors in a basis for V. In addition, the zero vector space has dimension zero.

Examples
1. The dimension of of some common vector spaces is given below:
dim(R") =n
dim(P,) =n+1
dim(M ) = mn
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2. Determine a basis for and the dimension of the solution space of the homogeneous system:

2x1+ 29— X3 + z5= 0
—x1— o+ 2x3— 3wat+ x5= 0
1+ To— 2x3 — z5= 0
3+ x4+ 5= 0
It was shown in section 1.5 that the general solution is
1 =—-8—t,La =8,23 =—t, x4 =0,25 =1
Therefore the solution vectors can be written as:
x1 —s—t —s —t -1 -1
X2 s s 0 1 0
3 | = -t | = 0Ol +]| —t | =s 0 +t] -1
T4 0 0 0 0 0
x5 t 0 t 0 1

which shows that the vectors

vy = and vg=| —1

OO O = =

span the solution space. Since they are also linearly independent (clearly), {v1, va} is a basis,
and the solution space has a dimension of 2.

3.3 Related Theorems

The remaining part of this section states theorems which illustrate the subtle interrelationships
among the concepts of spanning, linear independence, basis and dimension. These theorems form in
many ways the building blocks of many further theorems in linear algebra.

Theorem 3.4 Plus/Minus Theorem. Let S be a nonempty set of vectors in a vector space V.

(a) If S is a linearly independent set, and if v is a vector in V that is outside of the span(S), then
the set S U v that results by inserting v is still linearly independent.

(b) If v is a vector in S that is expressible as a linear combination of other vectors in S, and if
S — {v} denotes the set obtained by removing v from S, then S and S — {v} span the same
space: that is,

span(S) = span(S — v)

A proof will not be included, but the theorem can be visualised in R as follows.

(a) Consider two linearly independent vectors in 3. These two vectors span a plane. If you
add a third vector to them that is not in the plane, then the three vectors are still linearly
independent and they span the entire domain of :3.

(b) Consider three non-collinear vectors in a plane that form a set S. The set S spans the plane.
If any one of the vectors is removed from S to give S’ it is clear that S’ still spans the plane.
That is span(S) = span(S’).
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Theorem 3.5 If V is an n-dimensional vector space and if S is a set in V with exactly n vectors,
then S is a basis for V if either S spans V or S is linearly independent.

Proof: Assume that S has exactly n vectors and spans V. To prove that S is a basis it must be
shown that S is a linearly independent set. But if this is not so, then some vector v in S is a linear
combination of the remaining vectors. If this vector is removed from S, then it follows from the
Theorem 3.4(b) that the remaining set of n-1 vectors still spans V. But this is impossible, since
it follows from Theorem 3.2(b), that no set with fewer than n vectors can span an n-dimensional
vector space. Thus, S is linearly independent.

Assume S has exactly n vectors and is a linearly independent set. To prove that S is a basis it
must be shown that S spans V. But if this is not so, then there is some vector v in V' that is not in
span(S). If this vector is inserted in S, then it follows from the Theorem 3.4(a) that this set of n+1
vectors is still linearly independent. But this is impossible because it follows from Theorem 3.2(a)
that no set with more than n vectors in an n-dimensional vector space can be linearly independent.
Thus S spans V.

Examples

e v; = (—3,8) and vy = (1,1) form a basis for ®2 because %2 has dimension two and v; and v,
are linearly independent.

Theorem 3.6 Let S be a finite set of vectors in a finite-dimensional vector space V.

(a) If S spans V but is not a basis for V, then S can be reduced to a basis for V by removing
appropriate vectors from S.

(b) If S is a linearly independent set that is not already a basis for V, then S can be enlarged to
a basis for V by inserting appropriate vectors into S.

Proof:

(a) The proof is constructive and is called the left to right algorithm.

Let v, be the 1%t nonzero vector in the set S. Choose the next vector in the list which is
not a linear combination of v, and call it v.,. Find the next vector in the list which is not a
linear combination of v, and v, and call it vc,. Continue in such a way until the number of
vectors chosen equals dim/(V).

(b) This proof is also constructive.

Let V be a vector space. Begin with uj,uz,...,u, which form a linearly independent family
in V. Let vq1,va,..., vy, be a basis for V. Now it is necessary and important that » < n. To
extend the basis, simply apply the left to right algorithm to the set (note that this set spans
V' because it contains a basis within it)

ui,uz,...,Ur,Vy,V2,...,Vn
This will select a basis for V that commences with uy, us,...,u,

Theorem 3.7 If W is a subspace of a finite-dimensional wvector space V, then
dim(W) < dim(V'); moreover, if dim(W) = dim(V), then W =V

Proof: Let S = {w1,wa,..., W} be a basis for W. Either S is also a basis for V or it is not.
If it is, then dim(W) = dim(V) = m. If it is not, then by the previous theorem, vectors can be
added to the linearly independent set S to make it into a basis for V', so dim(W) < dim(V). Thus,
dim(W) < dim(V) in all cases. If dim(W) = dim(V), then S is a set of m linearly independent
vectors in the m-dimensional vector space V; hence by Theorem 3.5, S is a basis for V. Therefore
w=V.
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3.4 Change of Basis

The Basis of a vector space is the set of vectors that specify the coordinate system. A vector space
may have an infinite number of bases but each basis contains the same number of vectors. The
number of vectors in the basis is called the dimension of the Vector Space. The coordinate vector
or coordinate matrix of a point changes with any change in the basis used. If the basis for a vector
space is changed from some old bases 8 to some new bases v, how is the old coordinate vector [v]g of
a vector v related to the new coordinate vector [v],? The following theorem answers that question.

Theorem 3.8 If the basis for a vector space is changed from some old basis f = {u1,uga,...,un}
to some new basis v = {V1,Va2,...,Vn}, then the old coordinate vector [wlg is related to the new
coordinate vector W], of the same vector w by the equation

[w]y = Plwlg

where the columns of P are the coordinate vectors of the old basis vectors relative to the new basis;
that is, the column vectors of P are

[ul]’w [UZ]’W Tt [un]’Y
P is called the change of basis matrix or the change of coordinate matrix.

Proof: Let V be a vector space with a basis f = {uj,uz,...,un} and a new basis
v ={v1,V2,...,Vn}. Let w € V. Therefore w can be expressed as:

W = ajuy + asug + -+ -+ apun

Thus we have
[W]B = (a17a27 .- 7an)

As y is also a basis of V' the elements of 8 can be expressed as follows
Ui =p11vi +pave + -+ PpiVn

Uz = P12V1 + P22Va + -+ + PpaVn

Up = P1pV1 +P2nV2 + -+ PpnVn
Combining this system of equations with the above expression for w gives
W = (p11a1 + P12z + -+ + P1n@n)V1

+(pa1a1 + pa2as + -+ - + panan)vat

+(pn1a1 + pp2as + -+ pnnan)vn+

and thus it can be seen that
p11ai1 + pi2a2 + - + Pinln
P21a1 + p22ag + - -+ Papan

[w]y =

DPnia1 +Pn202 + - +pnnan
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which can be written as

P11 P12 - Pin ai
P21 P22 - DPon a2
W]y = .

Pn1  Pn2 ** Pnn Qpn

(From which it can be seen
[w], = P[w]g

where P’s columns are

[ul]’w [u2]’77 R [un]v

Example

1. Consider the bases v = {v1,v2} and 8 = {uy,uz} for R2, where
Vi = (170); V2 = (071); ui = (111); u2 = (271)

(a) Find the transition matrix form g to . First the coordinate vectors of the old basis
vectors u; and ug must be found relative to the new basis . By inspection:

u; =vy +ve

Uy = 2V1 + va
so that

uady = [ 1] and fual, = | 7]

Thus the transition matrix from 8 to v
2
1

P!
(b) Use the transition matrix to find [v], if
=] 73 |
It is known from the Change of Basis theorem that
o= T[]

As a check it should be possible to recover the vector v either from [v]g or [v],. It is left
for the student to show that —3uy + bua = 7vy + 2ve = (7,2).

29



4 ORTHONORMAL BASES

In many problems involving vector spaces, the problem solver is free to choose any basis for the
vector space that seems appropriate. In R™ the solution of a problem is often greatly simplified by
choosing a basis in which the vectors are orthogonal to one another. in this section it shall be shown
how such a basis can be obtained.

Before proceeding however, it is necessary to review some basic definitions
Definitions

e Let u,v € £". Then the operation defined by

u-v =uiv1 +u202 + -+ Up¥p

where
U1 U1
Us V2
u= . and v =
Unp Un

maps ™ — R and is referred to as the Euclidean inner product or the dot product.
e Two vectors u,v € R are said to be orthogonal if u-v = 0.

e If u and v are orthogonal vectors and both u and v have a magnitude of one, then u and v
are said to be orthonormal.

e A set of vectors in R”, on which the dot product is defined, is called an orthogonal set if all
pairs of distinct vectors in the set are orthogonal. An orthogonal set in which each vector has
a magnitude of one is called an orthonormal set.

Now that the groundwork has been laid the following theorem can be stated. The proof of this
result is extremely important, since it prides an algorithm, or method, for converting an arbitrary
basis into an orthonormal basis.

Theorem 4.1 FEvery subspace of the vector space R™ has an orthonormal basis.

Proof: Let V be any nonzero subspace of R", and let {uj,uz,...,um} be any basis for V. It
suffices to show that V has an orthogonal basis, since the vectors in the orthogonal basis can be
normalized to produce an orthonormal basis for V. The following sequence of steps will produce an
orthogonal basis {v1,Vvz2,...,vm} for V.

Step 1 Let vi = uy.

Step 2 Obtain a vector vg that is orthogonal to v; by computing the component of ug that is
orthogonal to the space Wy spanned by v;. This can be done using the formula:

)

V2 =u2 — Vi

Vi1 -Vi1

Of course, if va = 0, then va is not a basis vector. But this cannot happen, since it would
then follow from the preceding formula for v4 that

uz-Vviy uz -Vvi
Ug = V] = uj
Vi-Vi up -uy

which says that us is a multiple of u;, contradicting the linear independence of the basis
S= {111,112, s 7un}'
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Step 3 To construct a vector vg that is orthogonal to both vy and va, compute the component of
ug orthogonal to the space W5 spanned by vy and va using the formula:

(Ua'vl) (Us'vz)

Vg = ug — V1 — Vo

Vi -Vy V2 -V

As in step 2, the linear independence of {uy, uz,...,u,} ensures that vg # 0. The remaining
details are left as an exercise.

Step 4 To determine a vector v4 that is orthogonal to v1,ve and vg, compute the component of
uy orthogonal to the space W3 spanned by vy, vs and vg using the formula

v - ug -Vy v Ug - V2 v Uyg Vg v
4 — Ug — 1~ 2~ 3
Vi-Vi Vo - Vo V3 -Vg

Continuing in this way, an orthogonal set of vectors, {vi,va,...,Vm}, will be obtained after m
steps. Since V' is an m-dimensional vector space and every orthogonal set is linearly independent,
the set {v1,Va,...,Vn} is an orthogonal basis for V.

This preceding step-by-step construction for converting an arbitrary basis into an orthogonal
basis is called the Gramm-Schmidt process.
Examples: THE GRAMM-SCHMIDT PROCESS

1. Consider the vector space ®* with the Euclidean inner product. Apply the Gramm-Schmidt
process to transform the basis vectors u; = (1,1,1),uz = (0,1,1),us = (0,0, 1) into an orthog-
onal basis {v1, vz, v3}; then normalize the orthogonal basis vectors to obtain an orthonormal
basis {q1,92,93}-

Step 1
vi=u =(1,1,1)
Step 2
G)
Vo = U2 — Vi1
V1 -V1
2 -211
= 0,1,1)--(1,,1)={ —, =, -
0.10- 301 =(F53)
Step 3
113'V1) (us'V2>
Vg = ug-— Vi — Vo
Vi-Vi V2 - V2
1 1/3 /-2 11
= —-—-(1LL1)—=——%{—,2, 2
0,0,1) 3(’ 1) 2/3(3’3’3)
11
- (07‘575)
Thus,

211 11
VIZ(]-’]-,]-)’ V2 = (—gagag)a Vg = (Oa_§7§>

form an orthogonal basis for #2. The norms of these vectors are

\/6 1
= 3 = [ J—
Ivall = V3, [[vall 3 Ivall 7
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so an orthonormal basis for R® is
Vi ( 1 1 1 ) Vo (—2 1 1 )
=" \7=7F=] L2=7—F="\7= 7= F=
[lvall V3 V3 V3 [lvall 6 V6 V6
V3

= ey = (0-7575)

The Gramm-Schmidt process with subsequent normalization not only converts an arbitrary basis
{u1,uz,...,un} into an orthonormal basis {qi1,dz2,...,dn}, but it does it in such a way that for
k > 2 the following relationships hold:

e {Q1,4d2,-..,qk} is an orthonormal basis for the space spanned by {uy,...,ux}.
e q is orthogonal to {us,uz,...,uk_1}.

The proofs are omitted but these facts should become evident after some thoughtful examination of
the proof of Theorem 4.1.
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5 NULL, COLUMN AND ROW SPACE

This section applies all of the previous groundwork laid in the course to study three important vector
spaces associated with a matrix. This leads to a deeper understanding of the relationship between
the solutions of a linear system and the properties of the coefficient matrix.

5.1 Basic Definitions

Definitions

e For an m X n matrix

aii ai2 - Qin

asi Az ---  Q2n
A=

Gm1 Am2 *°* OGmn

the vectors

r = [an a2 - aln]
r = [a21 aza - Gzn]
'm = [aml am2 - amn]

in ®” formed from the rows of A are called the row vectors of A.

e The vectors

aii ai2 A1n

a22 az2 A1n
C; = R , C2 = R ; ... Cph =

Am1 am2 Qmn

in ®™ formed from the columns of A are called the column vectors of A.

e The subspace of R™ spanned by the row vectors of A is called the row space of A. The row
space of A is denoted by R(A).

R(A) = span{ri,ra,...,I'm}

e The subspace of R™ spanned by the column vectors of A is called the column space of A.
The column space of A is denoted by C(A).

C(A) = span{c1,c2,...,Tn}

e The solution space of the homogeneous system of equations Ax = 0, which is a subspace of
R™, is called the null space of A. The null space of A is denoted by N(A).

N(A) = {x € R"|Ax = 0}

Proof:

(a) The row space and column space are subspaces. Let A be an n x m matrix. Consider the row
space firstly. Every row vector is an element of ™. As R" is a vector space it is closed under
addition and scalar multiplication. Therefore it can be stated that

span{ri,ra,...,rym} C R"
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Let u and v € R(A). Then clearly
u+v € span{ry,ra,...,In}
ku € span{ri,ra,...,rn}

where k is any scalar. Therefore by Theorem 2.3 the row space is a subspace of R”. The same
argument can be used of the column space to show it is a subspace of ™.

(b) The Null space of A is a subspace of R". Clearly N(A) C R®". Let u and v € N(A). Then
Au=0 and Av=0

therefore
Alu+v)=Au+Av=0+0=0
u+veN(4
also if k is any scalar
A(ku) = kAu=%k0=0
kue N(A)

Hence the null space is closed under addition and scalar multiplication and is therefore, by
Theorem 2.3, a subspace of R".

Example Let A be an 2 x 3 matrix as shown below
1 3 2
=135 3]

Then the row vectors and column vectors are

r1 =[1,3,2] and rz =1[4,9,2]

U HEEEH

And quite obviously we have
R(A) = span{ry,ra}

C(A) = span{ec1,ca,c3}
Finding the Null space of A amounts to finding the solution space of the homogeneous system of
linear equations Ax = 0. Forming the augmented matrix [4 | 0] gives

1 3 20
4 9 2 0
This reduces to the reduced row-echelon form
1 0 -4 0
01 2 0
It can be seen that z3 is the independent variable. Let 3 = ¢t. Then the general solution becomes
Lo = —2t and x1 =4t
Thus it can be said that
x=t]| =2
1

Therefore N (A) is spanned by the vector (4,2,1)7.

The next question to ask is: How is it possible to find a basis for these three subspaces? Finding
a basis for the N(A) is simple. It just amounts to finding the solution space of the homogeneous
system. Several examples of this procedure have been given previously. The next section looks at
an algorithm used for determining bases for R(A) and C(A).
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5.2 Finding Bases for R(A) and C(A)

Before stating the Algorithm for forming a basis for the row space and the column space of a matrix
it is necessary to state a few theorems regarding the effect of elementary row operations on these
subspaces.

Elementary row operations were first developed as an aid in solving linear systems. It was
discovered that performing an elementary row operation on an augmented matrix does not change
the solution set of the corresponding linear system. It follows that applying an elementary row
operation to a matrix A does not change the solution set of the corresponding linear system Ax = 0,
or, stated another way, it does not change the null space of A. Thus, the following theorem states:

Theorem 5.1 FElementary row operations do not change the null space of a matriz

In fact we have already used this theorem in the previous example. The following theorem is a
companion to Theorem 5.1.

Theorem 5.2 FElementary row operations do not change the row space of a matriz.

Proof: Suppose that the row vectors of a matrix A are ry,rs,...,ry and let B be obtained from
A by performing an elementary row operation. It shall be shown that every vector in the row space
of B is also in the row space of A, and conversely that every vector in the row space of A is in the
row space of B. It can thus be concluded that A and B have the same row space.

Consider the possibilities: If the row operation is a row interchange, then B and A have the same
row vectors and consequently have the same row space. If the row operation is multiplication of a
row by a nonzero scalar or the addition of a multiple of one row to another, then the row vectors

ri,r5,...,ry, of B are linear combinations of rq,r2,...,rm; thus, they lie in the row space of A.
Since a vector space is closed under addition and scalar multiplication, all linear combinations of
ry,ry,...,ry, will also lie in the row space of A. Therefore, each vector in the row space of B is in

the row space of A.

Since B is obtained from A by performing a row operation, A can be obtained from B by
performing the inverse operation. Thus, the argument above, when reversed, shows that the row
space of A is contained in the row space of B.

In light of the previous two theorems, one might be forgiven for thinking that elementary row
operations have no effect on the column space of a matrix. It is in fact, definitely not the case.
Elementary row operations on a matrix do change the column space. For example, consider the

matrix
2 3
a=[13]

The second column is a scalar multiple of the first, so the column space of A consists of all scalar
multiples of the first column vector. However, if we add -2 times the first row of A to the second

row, we obtain
2 3
5=[4 4]

Here again the second column is a scalar multiple of the first, so the column space of B consists of
all scalar multiples of the first column vector. This is not the same as the column space of A.

Although elementary row operations can change the column space of a matrix, it shall be shown
that whatever relationships of linear independence or linear dependence exist between the column
vectors prior to a row operation also exist between the column vectors of the resulting matrix. To
show this, let B be the matrix that results by performing an elementary row operation on an m x n
matrix A. By theorem 4.1 the two homogeneous linear systems

Ax =0 and Bx=0
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have the same solution set. Thus, the first system has a nontrivial solution if and only if the same is
true of the second. To make things even more plane, let the column vectors of A and B, respectively
be

!

! !
€1,C2,...,Cn and c€7,Cq,...,Cy

then the two systems can be rewritten as

T1C1 + ToCo + -+ Tpcn =0 (1)
T1C) +ToCH + -+ xHeh, =0 (2)
Thus, (1) has a nontrivial solution for z1,zs,...,z, if and only if the same is true of (2). This

implies that the column vectors of A are linearly independent if and only if the same is true of
B. Although the proof is omitted, this conclusion can also be applied to any subset of the column
vectors. Thus, we have the following result.

Theorem 5.3 If A and B are row equivalent matrices, then:

(a) A given set of column vectors of A is linearly independent if and only if the corresponding
column vectors of B are linearly independent.

(b) A given set of column vectors of A forms a basis for the column space of A if and only if the
corresponding column vectors of B form a basis for the column space of B.

The three previous theorems lead to the following theorem which makes it possible to find bases
for the row and column spaces of a matrix in row-echelon form by inspection.

Theorem 5.4 If a matriz R is in row-echelon form, then the row vectors with the leading 1’s (that
is, the non-zero row vectors) form a basis for the row space of R, and the column vectors with the
leading 1’s of the row vectors form a basis for the column space of R.

This result is virtually self-evident from examples. Hence the proof is omitted and replaced with
several examples. The proof simply involves an analysis of the positions of the 0’s and the 1’s of R.
Examples

1. The matrix

R =

OO =
OO =N
O O W Ut
O = OO
OO O W

is in row-echelon form. From Theorem 5.4 the vectors

r1 = [1 =2 5 0 3
r, = [0 1 3 0 0
rs = [0 0 0 1 0

form a basis for the row space of R, and the vectors
—2

C1 = Co = Cg =

OO O =
OO =
O = OO

form a basis for the column space of R.
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2. Find the bases for the row and column space of

1 -3 4 -2 5 4
2 -6 9 -1 8 2
2 -6 9 -1 9 7
-1 3 -4 2 -5 -4

A=

Since the elementary row operations do not change the row space of a matrix, a basis for the
row space of A can be found by finding a basis for the row space of any row-echelon form of
A. Reducing A to row-echelon form one obtains

1 -3 4 -2 5 4
0 01 3 -2 -6
0O 00 O 1 5
0O 00 O 0 0

R=

By theorem 4.4 the nonzero row vectors of R form a basis for the row space of R, and hence
form a basis for the row space of A. These basis vectors are

ri, = [1 -3 4 -2 5 4
rg, = [0 01 3 -2 —6
rsg, = [0 00 0 1 35

Keeping in mind that A and R may have different column spaces, it is not possible to find a
basis for the column space of A directly from the column vectors of R. However, it follows
from Theorem 5.4 that if it is possible to find a set of column vectors of R that form a basis
for the column space of R, then the corresponding column vectors of A will form a basis for
the column space of A. The first, third, and fifth columns of R contain the leading 1’s of the
row vectors, so

1 4 5
0 1 -2
C]_R = 0 b) c3R = 0 b) c5R = 1
0 | | O 0
form a basis for the column space of R; thus the corresponding column vectors of A, namely,
1 [ 4 5
2 9 8
Cia = ) y €3 = 9 y C€ba = 9
-1 -4 -5

form a basis for the column space of A.
3. Find a basis for the space spanned by the vectors
vi=(1,-2,0,0,3), v2=(2,-5,-3,-2,6), vs=(0,5,15,10,0)
va = (2,6,18,8,6)

The space spanned by these vectors is exactly the same as the row space of the following
matrix. As the space spanned is identical, if a basis is found for the row space of the matrix
it will also be a row space for the above set of vectors.

1 -2 0 0 3
2 -5 -3 -2 6
0 5 15 10 O
2 6 18 8 6
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4.

The matrix is reduced to row-echelon form, which gives

1 -2 0 0 3
0 1 3 20
0 0110
0 00 0O

The nonzero row vectors in this matrix are
W1 = (17 _27 07 07 3)7 W2 = (07 17 37 27 0)7 W3 = (07 07 17 17 0)

These vectors form a basis for the row space and consequently form a basis for the subspace
of Re® spanned by v1,va,vs and v4.

Note that in the previous two examples that the basis for the column space of A consisted of
column vectors of A while the row space of A consisted of row vectors of row-echelon form of
A. The following example demonstrates how to find a basis for the space spanned by a set of
vectors that consists entirely of the vectors in the original set. Naturally instead of using the
row space, one uses the column space to obtain a basis.

(a) Find a subset of the vectors
vi = (1,-2,0,3), va=(2,-5,-3,6)

Vg = (05 17350)7 V4 = (25 _1347 _7)7 Vs = (57 _87 152)

that forms a basis for the space spanned by these vectors.
Begin by constructing a matrix that has vq,va,...,vs as its column vectors. Let this
matrix be A.

Let A=[vy|va|vs|Vva|vs]

1 20 2 5
-2 -5 1 -1 -8
0 -3 3 4 0
3 6 0 -7 2

The problem is easily solved by finding a basis for the column space of this matrix. For
reasons that will become evident in part (b) the matrix is reduced to reduced row-echelon
form. Denoting the column vectors of the resulting matrix by wi,wa, w3, w4 and wy

A=

yields
Let B =rref(A) =[w1| Wz | W3 |Wa|Ws]
10 201
01 -1 01
B=loo0 011
00 000

The leading 1’s occur in columns 1, 2 and 4, so that by Theorem 5.4
Wi, W2, W4

is a basis for the column space of B and consequently
V1,V2, V4

form a basis for the column space of the A and hence the original system

(b) Express the vectors not in the basis as a linear combination of the basis vectors.
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Here is the reason for the reduced row-echelon form in part (a). It
is now so much easier to see the linear dependence of wg and
ws on the other vectors when the matrix is reduced to reduced
row-echelon form. By inspection, the linear combinations are
W3 = 2W1 — W2
W5 = W7 + wa + Wy
We call these the dependency equations. The corresponding relationships
in the original matrix are:
Vg = 2V1 — Vo
Vs = V3 + v+ vy

5.2.1 Extending a Linearly Independent set to form a Basis

It was stated in Theorem 3.6(b) that if V' is a vector space of dimension n and if v1, va,..., v, form
an linearly independent set in V' such that » < n then there exists vectors vei1, Vrt2,...,Vn such
that vq,va,..., v, form a basis for V. The next example demonstrates how to extend an linearly
independent family to a basis for V.

Example

1. Take V = R*, and also let v; and vz be

2
6
-8
100

It is clear that vq and vq are linearly independent. As specified in the proof of Theorem 3.6(b),
the set vy, vg,uy,us, us, uy is formed, where uy, us, ug, uy is the standard basis for V. Let
A be the matrix

A=[Vl|V2|U.1|112|II3|114]

If the basis for the column space of A is found, the linearly independent set will have been
extended to form a basis for V. Note that the set spans all of ®* and will therefore have a
basis of ®* by Theorem 3.6(a). Finding the rref of A.

100000
010000
B=rref(A)=14 01 0 0 0
000100

Therefore it can be seen that vi, v, uy, us form a basis for ®* and thus the linearly indepen-
dent set has been extended to form a basis.

5.3 Rank and Nullity

Theorem 5.5 If A is any matriz, then the row space and column space of A have the same dimen-
sion

Proof: Let R be the reduced row-echelon form of A. It follows from Theorem 5.2 that
dim(row space of A) = dim(row space of R)
and it follows from Theorem 5.3 that

dim(column space of A) = dim(column space of R)
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Thus, the proof would be complete if it could be shown that the row space and column space of the
matrix R have the same dimension. The dimension of the row space of R is the number of nonzero
rows and the dimension of the column space of R is the number of columns that contain leading 1’s
(Theorem 5.4). However, the nonzero rows are precisely the rows in which the leading 1’s occur, so
the number of leading 1’s and the number of nonzero rows is the same. This shows that the row
space and column space of R have the same dimension.

The dimension of the null, column and row space are extremely important numbers. Because of
this, there is special notation and terminology associated with them.
Definitions

e The common dimension of the row space and column space of a matrix A is called the rank
of A and is denoted by rank(A).

e The dimension of the null space of A is called the nullity of A and is denoted by nullity(A).

The following theorem establishes an important relationship between the rank and nullity of a
matrix.

Theorem 5.6 Dimension Theorem for Matrices. If A is a matric with n
columns, then

rank(A) + nullity(A) =n

Proof: Since A has n columns, the homogeneous linear system Ax = 0 has n unknowns (variables).
These fall into two categories: the leading variables and the free variables. Thus,

number of leading number of free | n
variables variables -

But the number of leading variables is the same as the number of leading 1’s in the reduced row-
echelon form of A, and this is the rank of A. Thus,

number of free
rank(4) + [ variables ]

The number of free variables is equal to nullity of A. This is so because the nullity of A is the
dimension of the solution space of Ax = 0, which is the same as the number of parameters in the
general solution, which is the same as the number of free variables. Thus,

rank(A4) + nullity(A) =n

5.4 Related Theorems

The following theorem provides conditions under which a linear system of m equations in n unknowns
is guaranteed to be consistent.

Theorem 5.7 (The Consistency Theorem). If Ax = 0 is a linear system of m equations in n
unknowns, then the following are equivalent.

(a) Ax = b is consistent.
(b) b is in the column space of A.
(¢) The coefficient matriz A and the augmented matriz [A | b] have the same rank.
Proof: It suffices to prove the two equivalencies (a)< (b) and (b)<(c), since it will then follow from

logic that (a)<(c).
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(a)=(b)

Consider the system Ax = b. Let A be an m x n matrix. Therefore in general
aip G2 - Q1p 1
az1 G2z - Q2p T2
A= . . . . and x =
Gmi1 Am2 -°° (Gmn Tn
Let c1,c2,...,cn denote the column vectors of A, then the product Ax = b is consistent if

and only if b is expressible as a linear combination of these column vectors with coeflicients
from x; that is,
Ax =z1c1 +22¢2 + - + Tpcn

Thus, a linear system, Ax = b, of m equations in n unknowns can be written as
ri1C1 + L€z + -+ xTpcn=b

from which it can be concluded that Ax = b is consistent if and only if b is expressible as a
linear combination of the column vectors of A or, equivalently, if and only if b is in the column
space of A.

It shall be shown that if b is in the column space of A, then the column spaces of A and [A|b]
are actually the same, from which it follows that the two matrices have the same rank.

By definition, the column space of a matrix is the space spanned by its column vectors, so the
column spaces of A and [A4 | b] can be expressed as

span{ci,c2,...,Cn} and span{cy,ca,...,cpn, b}
respectively. If b is in the column space of A, then each vector in the set {c1,c2,...,¢Cn, b}
is a linear combination of the vectors in {e1,c2,...,cn} and conversely. Thus, from Theorem

2.5 the column spaces of A and [A4 | b] are the same.

Assume that A and [A | b] have the same rank r. By Theorem 3.6(a), there is some subset
of the column vectors of A that forms a basis for the column space of A. Suppose that those
column vectors are

1o !
€1,C2;---,C;

These r basis vectors also belong to the r-dimensional column-space of [A|b] by Theorem 3.6(a).
This means that b is expressible as a linear combination of ¢, c5, ..., cL, and consequently b

lies in the column space of A.

Examples This theorem is best demonstrated by the following example. It helps to think of the
rank of a matrix as the number of nonzero rows in its reduced row-echelon form. The augmented
matrix for the system

is

T1— 2xo— 3x3+ 214= —4
—3z1+ Tro— 23+ 4= -3
2x1— bxo+ 4dw3— 3x4= 7
—-3x1+ 622+ 93— 614= -1

1 -2 -3 2 -4
-3 7 -1 1 -3
2 -5 4 -3 7
-3 6 9 -6 -1
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which has the following reduced row-echelon form:

|

—

(e}

N |
SO = OO

Because of the third row the system is inconsistent. However, it is also because of this row that the
reduced row-echelon form of the augmented matrix has fewer zero rows than the reduced row-echelon
form of the coefficient matrix. This forces the coefficient matrix and the augmented matrix for the
system to have different ranks.

The Consistency Theorem was concerned with the conditions under which a linear system Ax = b
is consistent for a specific vector b. The following theorem is concerned with conditions under which
a linear system is consistent for all possible choices of b.

Theorem 5.8 If Ax = b is a linear system of m equations in n unknowns, then the following are
equivalent.

(a) Ax = b is consistent for every m x 1 matriz b.
(b) The column vectors of A span R™.
(c) rank(A) = m.

Proof: It suffices to prove the two equivalencies (a)<(b) and (a)<(c), since it will then follow from
logic that (b)<(c).

(a)&(b) It is known that Ax = b can be expressed as
z1€1 + T2c2 + -+ Tpcn =Db

from which it can be concluded that Ax = b is consistent for every m x 1 matrix b if and only
if every such b is expressible as a linear combination of the column vectors c¢1,cz,...,cq, Or
equivalently, if and only if these column vectors span ™.

(a)=(c) (From the assumption that Ax = b is consistent for every m x 1 matrix b, and from parts (a)
and (b) of Theorem 5.7, it follows that every vector b in ™ lies in the column space of A;
that is, the column space of A is all of ®™. Thus rank(A4) = dim(R™) = m.

(¢)=(a) (From the assumption that rank(A) = m, it follows that the column space of A is a subspace
of ™ of dimension m, and hence must be all of ™ by Theorem 3.7. It now follows from
parts (a) and (b) of Theorem 5.7 that Ax = b is consistent for every vector b in ®™, since
every such b is in the column space of A.

Example

1. A linear system with more equations than unknowns is called an overdetermined linear
system. If Ax = b is an overdetermined linear system of m equations in n unknowns (so that
m > n), then the column vectors of A cannot span R™. This is due to the fact, that if the
columns were going to span R™ there would have to be at least m of them (Theorem 3.2).
However there are only n of them, and therefore the column space does not span ™.

Theorem 5.9 If A is an m x n matriz, then the following are equivalent.

(a) Ax = 0 has only the trivial solution
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(b) The column vectors of A are linearly independent.

(¢) Ax =Db has at most one solution (none or one) for every m x 1 matriz b.

Proof: It suffices to prove the two equivalencies (a)<(b) and (a)<(c), since it will then follow from
logic that (b)<(c).

(a)&(b) If eq,ca,...,cq are the column vectors of A, then the linear system Ax = 0 can be written as
$1C1+$2C2+"'+$ncn =0 (3)
If cq,c2,...,c, are linearly independent, then this equation is satisfied only by z; = x5 =
-+- =z, = 0, which means that Ax = 0 has only the trivial solution, then (3) is satisfied only
by 1 = 2 = --- =z, = 0, which means that cq,c2,...,c, are linearly independent.

(a)=(c) Assume that Ax = 0 has only the trivial solution. Either Ax = b is consistent or it is not. If
it is not consistent, then there are no solutions of Ax = b, and the first section of the proof
is complete. If Ax = b is consistent, let xg be any solution. Using the fact that Ax = 0 has
only the trivial solution, it is concluded that the general solution of Ax = 0 is x¢ + 0 = Xp.
Thus, the only solution of Ax = b is xg.

(c)=(a) Assume that Ax = b has at most one solution for every m x 1 matrix b. Then, in particular,
Ax = 0 has at most one solution. Thus, Ax = 0 has only the trivial solution.

The last few theorems have dealt with m x n matrices. This next theorem deals with square
matrices exclusively and their invertibility.

Theorem 5.10 If A is an n X n matriz, then the following are equivalent.
(a) A is invertible.
(b) Ax = 0 has only the trivial solution
(c) The column vectors of A are linearly independent
(d) The row vectors of A are linearly independent
(e) The column vectors of A span R™.
(f) The row vectors of A span R™.
(9) The column vectors of A form a basis for R™.
(h) The row vectors of A form a basis for R™.
(i) A has rank n
(5) A has nullity 0.

Proof: To complete the proof it shall be shown that (a) < (b) and that (c) through (h) are equivalent
to (b) by proving the sequence of implications (b) = (¢) = (d) = (e) = (f) = (9) = (h) = (b)
(a)&(b)

Assume A is invertible and let xg be any solution of Ax = 0; thus, Axg = 0. Multiplying both

sides of this equation by the matrix A=! gives A=!(A4xo) = A710, or (A1 A4)xe = 0, or Ixg = 0,
or xg = 0. Thus Ax = 0 has only the trivial solution.

(b)=(c)
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If Ax = 0 has only the trivial solution, then by Theorem 5.9 (previous) the column vectors of A are
linearly independent.

(©)=(d)=(e)=(f) =(g)=(h)
This follows from Theorem 3.5 and the fact that R™ is an n-dimensional vector space.
(h)=(@)

If the n row vectors of A form a basis for R”, then the row space of A is n-dimensional and A has
rank n.

H=0)
This follows from the Dimension Theorem 5.6.
()=(b)

If A has nullity 0, then the solution space of Ax = 0 has dimension 0, which means that it contains
only the zero vector. Hence, Ax = 0 has only the trivial solution.
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6 LINEAR TRANSFORMATIONS

Definitions

o If T:V — W is a function that maps a vector space V into a vector space W, then T is called
a linear transformation from V to W if for all vectors u and v in V' and all scalars ¢

(a) T(u+v)=T(u)+T(v)
(b) T(cu) = cT'(u)

e In the special case where V' = W, the linear transformation T' : V — V is called a linear
operator on V.

e Let A be an m x n matrix and let T : * — R™ be the linear transformation defined by
T(x) = Ax for all x € R™. Then as a matter of notational convention it is said that T is the
linear transformation 7'4.

Examples

1. T4 is a linear transformation. Let A be an m x n matrix and let T : * — R™ be the linear
transformation defined by T4 (x) = Ax for all x € ®". Let u and v € R", then

T(Au+ pv) = AQu + pv)
= AMu + pAv
= ATa(u) + pTa(v)
and thus T4 is a linear transformation.
2. If I is the n x n identity matrix, then for every vector x in R™
Ti(x) =Ix=x

so multiplication by I maps every vector in R" into itself. T7(x) is called the identity oper-
ator on R".
3. Let A, B and X be n x n matrices. Then Y = AX — X B is also n x n.

Let V = M,x»(R) be the vector space of all n x n matrices. Then Y = AX — X B defines a
transformation T : V' — V. The transformation is linear for:

TOX: +uXs) = AMX: + pXs) — (A\X1 + uX2)B
—  AX) + pAXy — AX1b— uX,B
— AMAX, — X, B) + u(AXs — X2B)
= AT (Xy) +pT(X>)

Theorem 6.1 If T : R™ — R™ is a linear transformation, then there exists an m X n matriz A
such that T =T4y.

Proof: Let x € £" and let T : R — R™. Also let ey, es,...,e, be the standard basis for £".
Then it can be stated.
Z1
Z2
X = . =Zzi1€e1 + T2e2 + - + Tnen
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Then

T(X) = .’L‘lT(el) + sz(ez) + -+ IL'nT(en)
= [T(e1)|T(e2)| - [T(en)]
= Ax
where A is the matrix whose columns are the transformation of e1, ez, ...,en. Therefore T = T'4.

Example

1. Find the 2 x 2 matrix A such that T = T4 has the property that

r[a]= (3] wmer[F]= 10

It is necessary to find T'(e1) and T'(ez), because as outlined in the preceding proof the matrix
A =[T(e1)|T(ez2)]. It can be seen that

o == i)+ 0]
M H

So due to the linearity of the linear transformation it can be stated

reo=-r[ o [8] (2] (]~ 2]

and it can also be stated that
2
5

rer-a1o-n[ 3] -[3]-[2)-

Thus it is clear that
a1 2
| -2 5

6.1 Geometric Transformations in R?

And it can also be seen that

This section consists of various different transformations of the form T4 that have a geometrical
interpretation. Such transformations form the building blocks for understanding linear transforma-
tions.

Examples of Geometric Transformations

e Operators on ®? and ®* that map each vector into its symmetric image about some line
or plane are called reflection operators. Such operators are of the form T4 and are thus
linear. There are three main reflections in ®2. These are summarised below. Considering the
transformation from the coordinates (z,y) to (w1, ws) the properties of the operator are as
follows.
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1. Reflection about the y-axis: The equations for this transformation are

w = -

w =y
The standard matrix for the transformation is clearly
-1 0
=[50 1]
To demonstrate the reflection, consider the below example.

Letx:[;]

therefore Ty (x) = Ax = [ _; ]

2. Reflection about the x-axis: The equations for this transformation are

w = X

w = -y

The standard matrix for the transformation is clearly

+=[o 4]

To demonstrate the reflection, consider the below example.

Letx:[;]

therefore Ty (x) = Ax = [ _; ]

3. Reflection about the line y = x: The equations for this transformation are

w =y
wy = X

The standard matrix for the transformation is clearly

0 1]
=[1 ]

To demonstrate the reflection, consider the below example.

x
2 B

Letx:{

therefore Tx(x) = Ax = [ f ]
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e Operators on R? and R3 that map each vector into its orthogonal projection on a line or plane
through the origin are called orthogonal projection operators. Such operators are of the
form T4 and are thus linear. There are two main projections in 2. These are summarised
below. Considering the transformation from the coordinates (z,y) to (wy,ws) the properties
of the operator are as follows.

1. Orthogonal projection onto the z-axis: The equations for this transformation are
w = X
wy = 0
The standard matrix for the transformation is clearly
1 0]
A=
oo
To demonstrate the projection, consider the below example.
1
2 B

Letx:[

therefore Ty (x) = Ax = [ (1] ]

2. Orthogonal projection on the y-axis: The equations for this transformation are
w1 = 0
w2 =Yy

The standard matrix for the transformation is clearly
0 0]

=01

To demonstrate the projection, consider the below example.
1
2 R

Letx:[

therefore Ty (x) = Ax = [ (2) ]

e An operator that rotates each vector in R?, through a fixed angle 8 is called a rotation
operator on 2. Such operators are of the form T4 and are thus linear. There is only one
rotation in R2, due to the generality of the formula. This rotation is summarised below.
Considering the transformation from the coordinates (z,y) to (wy,ws) the properties of the
operator are as follows.

1. Rotation through an angle 6: The equations for this transformation are

w; = xzcosh —ysinb

wy = xsinf + ycosh
The standard matrix for the transformation is clearly

| cos® —sind
| sinf  cosf
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To demonstrate the projection, consider the below example.

Let0=30°and1etx=[(1)]

V3
therefore Ty(x) = Ax = [ 2, ]
2

e If k is a nonnegative scalar, then the operator 7'(x) = kx on ®2 and R? is called a contraction
with factor £ if 0 < k < 1, and a dilation with factor k if £ > 1. Such operators are of
the form T4 and are thus linear. The contraction and the dilation operators are summarised
below. Considering the transformation from the coordinates (x,y) to (w1, w2) the properties
of the operator are as follows.

1. Contraction with factor k on 2, (0 < k < 1): The equations for this transformation
are.

w; = kx

wy = ky
The standard matrix for the transformation is clearly
kE 0
=[5 1]
To demonstrate the contraction, consider the below example.

1 1
Letk—iandletx_[2]

1
therefore T4 (x) = Ax = [ ?1 ]

2. Dilation with factor k on ®2, (k > 1): The equations for this transformation are

w; = kx
wy = ky

The standard matrix for the transformation is clearly

kE 0
St
To demonstrate the dilation, consider the below example.

Letszandletx:[;]

therefore Ty (x) = Ax = [ i ]
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6.2 Basic Properties of Linear Transformations
Theorem 6.2 If T :V — W is a linear transformation, then:
(a) T(0)=0
(b) T(=v)==T(v) forall v in V.
(c) T(v—w)=T(v) —T(w) for all v and w in V.
Proof:
(a) Let v be any vector in V. Since Ov = 0, it can be seen that

T(0) = T(Ov) = 0T'(v) = 0

(b) Also,

(c¢) Finally, v —w = v + —1w; thus,

T(v—w) = T(v+—-1w)
= TMV(EEHT(W)
= T(v)-T(w)

In words, part (a) of the Theorem 6.2 states that a linear transformation maps 0 into 0. This
property is useful for identifying transformations that are not linear.

6.3 Product of Linear Transformations
Definition

e If T : U -V and T> : V — W are linear transformations, the composite of 7o with T}
denoted by T5 o Ty, is the function defined by the formula

(Tz 0 T1)(u) = T5(T1(u))
where u is a vector in U.

Remark: Observe that this definition requires the domain of 75 (which is V') to contain the
range of T1; this is essential for the formula T (7} (u)) to make sense.

The next result shows that the composition of two linear transformations is itself a linear trans-
formation.

Theorem 6.3 IfT1 : U -V and Ty : V — W are linear transformations, then (Ty oTy) : U - W
is also a linear transformation.

Proof: If u and v are vectors in U and s and ¢ are scalars, then it follows from the definition of a
composite transformation and from the linearity of T} and T» that
TroTi(su+tv) = Ty(Ti(su+tv))
= Ty(sTi(u) + tT1(v))
= sT(Ti(u)) + tT>(T1(v))
= sThoTi(u)+tTr0Ti(v)

And thus the proof is complete

Examples
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1. Let A be an m x n matrix, and B be an n X p matrix, then AB is an m X p matrix. Also
Ty:R* - K™, and Tg : RP — K™ are both linear transformations. Then

T4 (T ()
= ABx

= (AB)x
TAB (X)

where x € R?. And therefore Tg o T = Tap : R? — R™.

TAOTB

2. I V has a basis f = {v1,v2} and T : V — V is a linear transformation given by

T(vi) = 2vy+3vy
T(V2) = —=Tv1+8vy

To find T o T(—v1 + 3va) takes two steps as shown below.

T(—V]_ + 3V2) = —T(Vl) + 3T(V2)
= =2vqy —3va + 3(—7V1 + 8V2)
= —23V1 + 21V2
Hence
ToT(—vy+3vy) = T(-23vy+21lva)

= —23T(V1) + 21T(V2)
= —23(2V1 +3V2) +21(—7V1 +8V2)
= —193vy + 99v.

6.4 Kernel and Image

Recall that if A is an m x n matrix, then the null-space of A consists of all vectors x in " such that
Ax = 0, and by Theorem 5.7 the column space of A consists of all vectors b in ™ for which there
is at least one vector x in R” such that Ax = b. From the viewpoint of matrix transformations,
the null-space of A consists of all vectors in ®” that multiplication by A maps in to 0, and the
column space of A consists of all vectors in R that are images of at least one vector in £" under
multiplication by A. The following definition extends these ideas to general linear transformations.
Definitions

o If T:V — W is a linear transformation, then the set of vectors in V' that 7" maps into 0 is
called the kernel of T'. It is denoted by ker(7T'). In mathematical notation:

ker(T) ={veV|T(v)=0}

o If T:V — W is a linear transformation, then the set of all vectors in W that are images under
T of at least one vector in V is called the Image (or range in some texts) of T'; it is denoted
by Im(T'). In mathematical notation:

Im(T)={w e W |v =T(u) for some u € U}

Examples
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1. If T4 : ®™ — R™ is multiplication by the m x n matrix A, then from the discussion preceding
the definition above, the kernel of T4 is the null-space of A, and the image of T4 is the column
space of A.

2. Let I : V — V be the identity operator. Since I'v = v for all vectors in V', every vector in V
is the image of some vector (namely, itself); thus, Im(I) = V. Since the only vector that I
maps into 0 is 0, it follows that ker(I) = {0}.

3. Let T : ®3 — R3 be the orthogonal projection on the x —y plane. The kernel of T is the set of
points that 7' maps into 0 = (0,0, 0); these are the points on the z-axis. Since T' maps every
point in R into the z — y plane, the image of T must be some subset of this plane. But every
point (zg, yo,0) in the z — y plane is the image under T of some point; in fact, it is the image
of all points on the vertical line that passes through (zg,99,0). Thus I'm(T) is the entire z —y
plane.

4. Let T : ®2 — R2 be the linear operator that rotates each vector in the 2 —y plane through the
angle 6. Since every vector in the z — y plane can be obtain by rotating some vector through
the angle 0, one obtains Im(T) = R2. Moreover, the only vector that rotates into 0 is 0, so
ker(T) = {0}.

5. Find the kernel of the linear transformation T : ®3 — 3 given by

X xXr
Tl y|=1|vy
z 0

It is thus necessary to find the vectors [z,y, 2]T such that

T 0
Tl y | =10
- z - L 0 -
That is to say ) )
T 0
y =10
0 0

Therefore it is clear that x = y = 0 and z is arbitrary. Therefore the set of vectors

0
0
z

with z arbitrary is equal to the ker(T). It is clear that the standard basis vector eg forms a
basis for the ker(T).

In all of the preceding examples, ker(T) and Im(T) turned out to be subspaces. This is no
accident as the following theorem points out.

Theorem 6.4 If T :V — W is a linear transformation, then:
(a) The kernel of T is a subspace of V.
(b) The range of T is a subspace of W.

Proof:
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(a) To show that ker(T) is a subspace, it must be shown that it contains at least one vector and
is closed under addition and scalar multiplication. By part (a) of Theorem 6.2, the vector 0
is in ker(T'), so this set contains at least one vector. Let v1 and vz be vectors in ker(T'), and
let k be any scalar. Then

T(vi+ve)=T(v1)+T(v2)=0+0=0
so that vy and vy is in ker(T). Also,
T(kvi) =kT(v1)=k0=0
so that kv is in ker(T).

(b) Since T'(0) = 0, there is at least one vector in Im(7T). Let wy and wa be vectors in the range
of T, and let k be any scalar. To prove this part it must be shown that w; + w2 and kwy are
in the range of T'; that is, vectors a and b must be found in V such that T'(a) = wq + w2 and
Since w; and wy are in the range of T', there are vectors a; and ay in V such that T'(a;) = wy
and T(az) = wy. Let a =a; + a3 and b = ka;. Then

T(a) =T(a; +az2) =T(a1) + T(az) = w1 + wa

and
T(b) = T(kal) = kT(a]_) = le

which completes the proof.

Theorem 6.5 If T : U — V is a linear transformation and {uy,ug,...,un} forms a basis for U,
then Im(T) = span(T(u1), T (uz),...,T(un))

This theorem is best demonstrated by a simple example.
Example

Let Abe m xn and let T = T4. Then Ty : R" — R™. Let {e1,e2,...,en} be the standard
basis for ". Then by the previous theorem it can be stated

Im(Ta) span(Ta(e1),Ta(ez2),...,Ta(en))
= span(Aeq, Aea,..., Aey)
span(coli(A), cols(A), ..., col,(A))

= C(A)

6.5 Rank and Nullity

In Section 4 of this course the rank of a matrix was defined to be the dimension of its column (or
row) space and the nullity to be the dimension of its null-space. The following definition extends
these definitions to general linear transformations.

Definitions If T': V — W is a linear transformation,

o then the dimension of the image of T is called the rank of 7" and is denoted by rank(7T),
e and the dimension of the kernel is called the nullity of T and is denoted by nullity(T).

Examples
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e Let U be a vector space of dimension n, with basis {uy,uz,...,un}, andlet T: U = V be a
linear transformation defined by

T(u1) =ug,T(uz) =ug, -, T(un) =u, and T'(u,) =0
Find bases for Ker(T') and Im(7T") and determine rank(7") and nullity(7T').

Using the result from Theorem 6.5 it can be stated

Im(T) = span(T'(u1),T(uz),...,T(un))
= span(uz,ug,...,Un)
So uz,us,...,u, form a basis for Im(T") and hence the rank(T) = n — 1.

It is quite clear that u, € ker(T'), as T'(un) = 0. So span(u,) C ker(T). Conversely suppose
that u € ker(T), it is shown that u € span(u). Then T(u) = 0. As u is an element of U it
can be expressed as a linear combination of the basis vectors of U, as shown below

u=xus +22uU2 +---+ TpUn
Therefore it can be stated
0=T(u) =217 (u1) + 22T (u2) + - - + 2,7 (un)
=xiug +x2ug+ -+ Tp_1un +0
Due to the linear independence of uy,us,...,un, 1,%2,---,T,_1 = 0. Therefore
u=z,up
Hence ker(T) = span(uy), and therefore the nullity(T") is equal to one.

If Ais an m x n matrix and T4 : R” — R™ is multiplication by A, then it is known from a
previous example that the kernel of T4 is the null-space of A and the range of T4 is the column
space of A. Thus, the following relationship exists between the rank and nullity of a matrix and the
rank and nullity of the corresponding matrix transformation.

Theorem 6.6 If A is an m X n matrix and Ty : R — R™ is multiplication by A, then:
(a) nullity(Ta) = nullity(A)
(b) rank(Ts) = rank(A)
Recall from Theorem 5.6 that if A is a matrix with n columns, then
rank(A) + nullity(4) = n
The following theorem extends this result to general linear transformations.

Theorem 6.7 If T :V — W is a linear transformation from an n-dimensional vector space V to a
vector space W, then
rank(T) + nullity(T) = dim(V) =n

Proof: The proof is divided up into two cases.

Case 1 Let U be the zero vector space. Then due to theorem 5.2 it is known that T'(0) = 0. Therefore
it can be stated that
Im(T") = {0} and ker(T) = {0}

therefore
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rank(T)+nullity(7T) = 0+ 0 = 0 = dim(U)

Case 2 Let U be an n-dimensional vector space with the basis {uz,uz,...,un}. Then the proof can
be divided up into three parts.

(a)

Consider the case where ker(T") = {0}. Let u € ker(T"). As u € U it can be expressed as
u=zxu; +T2uz + -+ ITyun 4)

As u € ker(T') it can be stated that
0=T(u) =z1T(u1) + 22T (u2) +--- + z,T(un) (5)

Due to the fact that ker(T") = {0}, u = 0. Due to the linear independence of us, ua,...,un
it follows from equation (4) that x1,za,...,2, = 0. It then also follows from equation
(5) that T'(u1),T(uz),...,T(ua) are linearly independent. It is known from Theorem 6.4
that Im(7T') = span(T(u1),T(u2),...,T(un)). As T(u1),T(uz2),...,T(u,) are linearly
independent they form a basis for Im(7T'). It can therefore be stated that

rank(T)+nullity(T) =n + 0 = n = dim(U)
Consider the case where ker(T) = U. Theorem 6.4 states: Im(T) =

span(T'(uy), T (uz),...,T(un)). However ui,uz,...,un € ker(T). Therefore T(uy),
T(uz),...,T(un) = 0. So it can be stated that Im(7") = span(0) = {0}. Therefore

rank(T)+nullity(T) = 0+ n = n = dim(U)

Consider the case where 1 < nullity(7") < n. Assume that the nullity(T) = r, and let
uj,Uus,...,u, be abasis for the kernel. Since {uj,us,...,u,} form a linearly independent
set, Theorem 3.6(b) states that there are n — r vectors, Uy41,Urt2,-..,Un, such that
{u1,...,Uy,Upt1,...,Un} is a basis for U. To complete the proof it shall be shown that
the n — r vectors in the set S = {T'(ur41),...,T(un)} form a basis for the image of T'.
It then follows that

rank(T)+nullity(T) =n —r +r =n = dim(U)

First it shall be shown that S spans the range of T'. If b is any vector in the range of T,
the b = T'(u) for some vector u in U. Since {uy,...,Ur, Urt1,...,Un} is a basis for U,
the vector u can be written in the form

u=cuy+---+cu+ Cr41Upr41 + -+ cpun
since uy, ..., u, lie in the kernel of T, it is clear that T'(u1),...,T(u,) = 0, so that
b=T()=c¢p1T(urs1) + -+ T (un)

Thus, S spans the image of T'.
Finally, it shall be shown that S is a linearly independent set and consequently forms a
basis for the range of T. Suppose that some linear combination of the vectors in § is

zero; that is,
krga T (Wry1) + - + kpT(un) =0 (6)

It must be shown that k.41 = --- = k, = 0. Since T is linear, equation (6) can be
rewritten as
T(kr—i-lur—i-l +--+ knun) =0
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which says that k,41ur41 + - -+ + kpun is in the kernel of T'. This vector can therefore be
written as a linear combination of the basis vectors {uy,...,ur}, say

kr+lur+1 + -+ knun = klul +---+ krur
Thus,
kllll R krur - kr+1ur+1 - knun =0
Since {ui,...,un} is linearly independent, all of the k’s are zero; in particular k1 =

--+ =k, = 0, which completes the proof.

Examples Let T : ®2 — R2 be the linear operator that rotates each vector in the x — y plane
through an angle of 6. It was showed previously that ker(T) = {0} and Im(7") = ®2. Thus,

rank(T)+nullity(T) = 2+ 0 = 2 = dim(U)

which is consistent with the fact that the domain of T is two-dimensional.

6.6 Matrix of a Linear Transformation

In this section it shall be shown that if V and W are finite-dimensional vector spaces, then with a
little ingenuity any linear transformation 7' : V — W can be regarded as a matrix transformation.
The basic idea is to work with coordinate matrices of the vectors rather than with the vectors
themselves.
Definition

e Suppose that V' is an n-dimensional vector space and W an m-dimensional vector space. Let
B and v be bases for V and W respectively, then for each x in V, the coordinate vector [x]s
will be a vector in ®”, and the coordinate vector [T'(x)], will be a vector in R"™. If there exists
an m X n matrix A, such that

Alx]s = [T(x)]y (7)
then A is called the matrix of the transformation relative to bases § and v and it is
written

A=[T];
Theorem 6.8 Let 8 = {uj,uz,...,u,} and v = {v1,Va,...,Vm} be bases for the vector spaces V

and W respectively, and let x € V. If T : V — W is a linear transformation then

(a) the matriz of transformation relative to bases 8 and 7y always exists. That is to say, there
always exists a matriz A = [T]} such that

Alx]s = [T(x)],
(b) The matriz of transformation relative to basis 8 and v has the form

[T]} = ([T ()}, [ [T (a2)]y | --- [ [T (un)l,]

Proof: Let § = {uj,uz,...,un} be a basis for the n-dimensional space V' and let v = {vy,va,...,
Vm} be a basis for the m-dimensional space W. Then the matrix [T']; = A must have the form

aii a2 - Qi

a21 a2z -+t Q2p
A=

Am1 Am?2 o Omn



such that (7) holds for all vectors x in V. In particular, this equation must hold for the basis vectors
up, Usg,...,Uy,; that is,

Aluy]g = [T (u1)]y, Aluz]s = [T(uz)}y, ..., Aluals = [T'(un)], (8)
But
1 0 0
0 1 0
[111]5 = 0 ) [112]/3 = 0 PR [uﬂ]ﬂ = 0
0 0 1
e} L
- - 1 - -
ati a2 - Qin 0 aii
a1 Q22 -+ Qa2p 0 a21
Alwm]p = : S : =
L Om1 Am2 - OGmn | I 0 | L @m1 |
_ - To7 _ .
ailx a2 -+ Qip 1 a12
a1 Q22 -+ Q2p 0 a22
Afuz]s = : Do : -
L Am1 Qm2 - Gmn | 0 L Gm2 |
0
a1 a2 - Qin 0 A1n
a21 Q22 - Q2p 0 G2n
Alunls = : - : =
am1 Am2 o Amn I 1 | Amn

Substituting these results into equation (7) yields

al aip Q1n
asi asz Q2n

il | P | =@l | | = T,
am1 Am2 Amn

which shows that the successive columns of A are coordinate vectors of
T(u1),T(u2),...,T(un)
with respect to the basis 4. Thus the matrix for T with respect to the bases 8 and = is
[T]5 = [T (a)ly [ [T(uz)]y | -+ [[T(un)],]

Thus the proof is complete.

Examples
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1. Let T : ™ — R™ be a linear transformation defined by T'(X) = BX where B is an m x n
matrix. Let § = {E1, Ea,...,En} be the standard basis for " and let v = {e1,e2,...,€m}
be the standard basis for ®™. Then it is known from the previous theorem that [T']} is the
following matrix

[Tls = [TB(E1)ly [ [TB(E2)ly | --- | [TB(En)],]

In general, for 1 < j < n it follows from the definition of the transformation that

Tg(E;) = BE; = col;(B) = bije1 + byjes + -+ + byjem

therefore
ij
TsEl, = | . | =coli(B)
bimj
and thus it is clear that
[TB]E =B

2. Let U have the basis 8 = {uz,uz,us} and let V have the basis v = {v1,v2}. Let T be the
linear transformation defined by

T(u1) =2vy+ vz, T(uz) = vi— vz, T(us) =2v2

Then clearly
2 10
v
m=|7 s

3. Let V= Myx2(R) and let T : V' — V be the linear transformation given by T'(X) = BX — X B
where X € V and )
B=|@ b ]

¢ d
Let 8 = {E11, E12, Ea1, E22} be the standard basis for V where

1 0 0 1] 0 0 0
E11=[0 0];E12=[0 0 7E21=[1 0]7E22=[0

To find [T]g it is necessary to do the following calculations:

= O
—_

a b 10 1o a b
T(Ell)—BEll_E“B_[c d][ 0 0]_[ 0 0][6 d]
0 -b
=l . o =0E1 + —bE12 + cEa + 0E»;
a b 0 1 0 1 a b
T(E12)—BE12_E12B_[C d][ 0 0]_[ 0 0][0 d]
a b][0 0 0 0][a b
T(E21)—BE21_E21B_[C d][ 1 0]_[ 1 0][0 d]

b 0
- |: d —a —b :| = bEll + 0E12 + (d - a)E21 + —bE22
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-2 5[ 2[4 2] 2

b
= [ _Oc 0 ] =0E1 + bE1s + —cEa + 0E»

Therefore it follows that

0 —c b 0

5 | =b a=d 0 b
[T]ﬂ_ c 0 d—a -—c
0 c —-b 0

The following theorem follows directly from the definition of the matrix of a linear transformation.

Theorem 6.9 Let T : V — W be a linear transformation, and let 5 and ~ be bases for V and W
respectively. Then if veV

Examples

1. Let U have the basis § = {u1,uz,ug} and let V have the basis v = {v1,v2}. Let T be the
linear transformation defined by

T(ll]_) = 2V1 + Va2, T(llg) =V1 — Va2, T(llg) = 2V2
Given that u = 3u; + —2us + 7ug
3
2 1 0
mmzlg]ﬂmwwzh_q : |

Hence

wmm=wmmm=[f_ig][j]=[$]

Hence T'(u) = 4vy + 19va.

The following theorem gives a recipe for finding bases for ker(T') and the Im(7T') where possible.

Theorem 6.10 Let A be an m x n matriz such that A = [T];;, where T : V. — W is a linear trans-
formation and 8 = {v1,va,...,vn} and v = {w1,Wa,..., Wy} are bases for V and W respectively.
Let s = nullity(A) and r = rank(A). Then suppose that

for 1 < j <'s, form a basis for N(A), while col.,(A),col.,(A),...,col., (A) form a basis for C(A)
Then

1. (a) the vectors ui,ua,...,us defined by
uj = T1;V1 + 22jVe + -+ TpjVn

will be a basis for the kernel of T.
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(b) the vectors T'(ue,), T (uc,),--.,T(uc,) form a basis for the Image of T.

2. If N(A) = {0}, then ker(T") = {0}
If C(A) = {0}, then Im(T) = {0}

3. Thus it follows that rank(T) = rank(A) and nullity(T ) = nullity(A).

The proof of this theorem is not included. The logic behind the theorem is easily seen however
in the following example.
Example

1. Let T : V — W be a linear transformation, and let § = {v1,v2,vs} and v = {wy1, wa, w3} be
bases for V' and W respectively. T is the linear transformation given by

T(Vl) = Wi+ WwWg+ —W3g
T(V2) = 2W1 + —3W2
T(Vg) = 3W1 + —2W2 =+ —W3
Let A = [T]}. Therefore
1 2 3
A= 1 -3 -2
-1 0 -1
Let B =rref(A), then
1 01
B=]10 11
0 00

It is then straight forward to see that

-1
X1 = -1
1

is a basis for N(A), and so it follows by Theorem 6.9 that —u; — uz + ug is a basis for the
kernel of T'.

It can also be seen that coli(A),cols(A) form a basis for C(A). So T'(u1) and T'(ug) form a
basis for Im(T").

6.7 Similar Matrices

The matrix of a linear operator T : V' — V depends on the basis selected for V. One of the
fundamental problems of linear algebra is to choose a basis for V' that makes the matrix for T as
simple as possible - diagonal or triangular, for example. This section is devoted to the study of this
problem

To demonstrate that certain bases produce a much simpler matrix of transformation then others,
consider the following example.
Example

1. Standard bases do not necessarily produce the simplest matrices for linear operators. For
example, consider the linear operator T : 2 — R?2 defined by

([ ])-[-av]
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and the standard basis 8 = {e1, ez} for R?, where

=[] (2]

By Theorem 6.7, the matrix for T" with respect to this basis is the standard matrix for T; that
is,
[T]5 = [T(e1) | T(e2)

. From the definition of the linear transformation T,

ren=| Y | Ten=]}]

=] 5 ]

In comparison, consider the basis v = {uy,uz}, where

we[t] we1]

By Theorem 6.7, the matrix for 7" with respect to the basis 7 is

[T]5 = [T (an)]y [ [T'(uz)ly

(From the definition of the linear transformation T,

SO

o= 4] =[] -

Hence

rnl =[5 |, ea, = |

LW O
1

So
=[5 3]

This matrix is ’simpler’ in the sense that diagonal matrices enjoy special properties that more
general matrices do not.

Much research has been devoted to determining the ’simplest possible form’ that can be obtained
for the matrix of a linear operator 7' : V' — V, by choosing the basis appropriately. This problem
can be attacked by first finding a matrix for T relative to any basis, say a standard basis, where
applicable, then changing the basis in a manner that simplifies the matrix. Before pursuing this idea
further, it is necessary to grasp the theorem below. It gives a useful alternative viewpoint about
change of basis matrices; it shows that the transition matrix form a basis 8 to v can be regarded as
the matrix of transformation of the identity operator.

Theorem 6.11 If 8 and 7 are bases for a finite-dimensional vector space V, and if I : V — V is
the identity operator, then [I]g is the transition matriz form [ to .

Proof: Suppose that 8 = {uj,uz,...,un} and v = {vy,va,...,Vn} are bases for V. Using the fact
that I(x) = x for all x € V, it follows that

[z = ()l [[I(az)]y | [I(un)l,]

[[u1]y | [u2], | [un],]
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which by Theorem 3.8 is the change of basis matrix from § to +.

The groundwork has been laid to consider the main problem in this section.

Problem: If § and v are two bases for a finite-dimensional vector space V,and if T: V — V is a
linear operator, what relationship, if any, exists between the matrices [T]g and [T]}?

The answer to this question can be obtained by considering the composition of three linear
operators. Consider a vector v € V. Let the vector v be mapped into itself by the identity operator,
then let v be mapped into T'(v) by T, then let T'(v) be mapped into itself by the identity operator.
All four vector spaces involved in the composition are the same (namely V'); however, the bases for
the spaces vary. Since the starting vector is v and the final vector is T'(v, the composition is the
same as T'; that is,

T=Io0Tol

If the first and last vector spaces are assigned the basis v and the middle two spaces are assigned
the basis 3, then it follows from the previous statement T'= I o T o I, that

[T = [ o T o I} = 3TN

But it follows from Theorem 7.1 that [I ]g is the change of basis matrix from v to 8 and consequently
[1]} is the change of basis matrix from 3 to . Thus, let P = [I 15, then P~1 = I |5 and hence it can
be written that 5
_ p-1
[T]} = P [T]yP

This is all summarised in the following theorem.

Theorem 6.12 Let T : V — V be a linear operator on a finite-dimensional vector space V, and let
B and ~y be bases for V. Then

[T, = PH[TI5P 9)

where P is the change of basis matrix from 7 to (3.

Remark: When applying Theorem 7.3, it is easy to forget whether P is the change of basis matrix

from B to v or the change of basis matrix from v to 8. Just remember that in order for [T]g to

operate successfully on a vector v, v must be in the basis 8. Therefore, due to P’s positioning in
the formula, it must be the change of basis matrix from v to 3.
Example

1. Let T : ®2 — R? be defined by

T 1 _ X1 + X2
X2 - —2x1 + 4o
Find the matrix of T' with respect to the standard basis 8 = {e1, e2} for %2, then use Theorem
7.2 to find the matrix of T with respect to the basis v = {uz,uz}, where

we[t]: w1

It was shown earlier that

To find [T1] from (9), requires the change of basis matrix P, where

P= [I]g = [[u1]p | uz],]
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By inspection

u; = e;+e2

u = e;+ 262

il = | 5 | =] ]

Thus the transition matrix from ~ to 8 is
1
2

|

2 -1
-1 _
=[]

so that by Theorem 7.2 the matrix of T relative to the basis v is

re e 2 ][ 1][2 4]

which agrees with the previous result.

so that

1
1

It is clear that

;]

The relationship in (9) is of such importance that there is some terminology associated with it.
Definitions

e If A and B are square matrices, it is said that B is similar to A if there is an invertible
matrix P such that B = P~1AP.

It follows from the definition that two matrices representing, the same linear operator T : V =V
with respect to different bases are similar. The following example demonstrates just this phenomenon.
It helps to remember that a change of basis in %2 or ®2 really just amounts to a change in the
coordinate system. Note when reading the following example how the choice of the coordinate
system can greatly simplify the form of the matrix of the transformation.

Example

1. Let [ be the line in the x — y plane that passes through the origin and makes an angle 8 with
the positive z-axis, where 0 < § < 7. Let T : ®2 — R? be the linear operator that maps each
vector into its reflection about the line /.

(a) Find the standard matrix for T'.

(b) Find the reflection of the vector x = (1,2) about the line [ through the origin that makes
an angle of § = % with the positive z-axis.

Solution:

(a) This problem could be solved by trying to construct the standard matrix from the formula
[T15 = [T(e1) | T(e2)]

where B = {e1,ez2} is the standard basis for 2. However, it is easier to use a different
strategy: Instead of finding [T]g directly, it is simpler to first find the matrix [T]] where

v = {ug,uz2}
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is the basis of a unit vector uy along [ and a unit vector ug perpendicular to [. Once [T]z
has been found, it is simply a matter of using Theorem 7.2 to perform a change of basis
to find [T]g The computations are as follows:

T(u;) = uy and T(uz) = —uy

SO

= [ § ] ana e, = [ 2|

=10 1]

It is clear from the geometry of the problem that

Thus,

cosf —sinf
[mals = [ sin ] and [uz]g = [ cosd ]
Therefore the change of basis matrix from g to v is
cosf —sind
P=[luly | [y ]= [ sinf  cosé ]

It follows from formula (9) that
[T]3 = PT) P~
Thus, the standard matrix for T is

[ cos® —sind ] [ 1 0 ] [ cosf sinf ]

B _ yp—-1 _
[T]ﬁ_P[T]”YP - | sinf cos @ 0 -1 —sinf cos6

[ cos’6—sin®’@  2sinfcosh
| 2sinfcosf  sin?6 — cos? 6

[ cos20 sin26
| sin26 cos26

(b) It follows from part (a) that the formula for T in matrix notation is

(|2 | cos20 sin26 x
y T | sin260 cos26 y

Substituting # = T in this formula yields

AR
f(3D)-| 5 5

Thus, T(1,2) = (1 +v/3,% - 1).

w

SO

N[
—

It has already been stated that the selection of the correct basis can result in a simpler form of
the matrix of linear transformation 7' : V' — V. In the previous example, the selection of the basis
v resulted in a diagonal matrix of transformation. Given the computational advantages of diagonal
matrices (refer to section 1.6.1), it is important to find ways (if possible) to choose a basis for V' such
that the transformation matrix is diagonal. This problem can be stated in another way. Given an
n x n matrix of transformation [T]g, what change of basis matrix P is required such that P~* [T]gP
is a diagonal matrix. This very problem is attacked in the next section.
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7 EIGENVALUES AND EIGENVECTORS

This section will be concerned with the following two problems.

1. The Diagonalization Problem (matrix form). Given an n X n matrix A, does there exist
an invertible matrix P such that P~'AP is a diagonal matrix? Or to state it in another way:
If A is an n X n matrix, does there exist a diagonal matrix D such that A is similar to D?

2. The Eigenvalue Problem: If A is an n X n matrix, are there nonzero vectors x in £" such
that Ax is a scalar multiple of x?

These two problems are very closely related. In fact, once the eigenvalue problem is solved it
leads to the solution of the diagonalization problem. Hence it is first of all necessary to consider the
eigenvalue problem.

7.1 The Eigenvalue Problem

Definition

e If Ais an n x n matrix, then a nonzero vector x in R” is called an eigenvector of A if Ax is
a scalar multiple of x; that is,
Ax = Ax

for some scalar A. The scalar ) is called an eigenvalue of A, and x is said to be an eigenvector
of A corresponding to A.

Eigenvalues and eigenvectors have many important applications, some of which are given at the
end of section 6. For now, however, only a geometric interpretation will be given of the problem
in ®2. If X is an eigenvalue of a matrix A and x is an eigenvector of A corresponding to A, then
multiplication of x by the matrix A produces a vector Ax that is parallel to x.

Examples - VERIFYING FEIGENVALUES AND EIGENVECTORS

1. For the matrix

2 0
=[5 ]
verify that x; = (1,0) is an eigenvector of A corresponding to the eigenvalue A\; = 2, and
x2 = (0,1) is an eigenvector of A corresponding to the eigenvalue Ay = —1.

Multiplying A by x1 produces

e [2 313 [3]-o[3 ] e

Thus x1 = (1,0) is an eigenvector of A corresponding to the eigenvalue A; = 2.

Similarly, multiplying A by x2 produces

e [1 2][2]-[ 4] [8] e

Thus x2 = (0,1) is an eigenvector of A corresponding to the eigenvalue Ay = —1.

2. For the matrix
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verify that x4 = (—3,—1,1) and x2 = (1,0, 0) are eigenvectors of A and find their correspond-
ing eigenvalues.

Multiplying A by x1 produces

1 -2 1 -3 0 -3
AXl = 0 0 0 -1 = 0 =0 -1 :0X1 :/\1X1
0 11 1 0 1

Thus x1 = (—3,—1,1) is an eigenvector of A corresponding to the eigenvalue A; = 0.

Similarly, multiplying A by x2 produces

1 -2 1 1 1 1
AXI = 0 0 0 0 = 0 =1 0 = 1X2 = )\2)(2
0 11 0 0 0

Thus x2 = (1,0,0) is an eigenvector of A corresponding to the eigenvalue Ay = 1.

7.1.1 Determining the Eigenvalues

It is all very well to verify eigenvalues and eigenvectors, but what if they are not known to verify.
The next theorem characterises the eigenvalues of a matrix.

Theorem 7.1 Let A be n xn, A\ € R". Then X is an eigenvalue of A if and only if it is a solution
to the equation
det(AI, — A)

Proof: Assume Ax = \x, x # 0 and x € ", then
Ax = Ax = I, x = A\[,x
therefore it can be stated that

AMpy,x—Ax = 0
(M,—A)x = 0 (10)

Due to the fact that x # 0, equation (10) results in the condition that the matrix (A, — A) cannot
have an inverse (otherwise x = 0 would be the one and only solution). Thus the following condition

follows:
det(A\l, —A) =0

Therefore the values of A that satisfy this condition are the eigenvalues of the matrix A.

Remark: Note that det(A — AI,,) also completely characterises the set of eigenvalues.
Definitions

e The equation det(A\l, — A) = 0 is called the characteristic equation of A.

e The polynomial det(zI, — A) is called the characteristic polynomial of A, and is denoted
by cha(x).

e If A is an eigenvalue of A and
cha(z) = (z = N)" - g(z), g(A) #0

then t is called the algebraic multiplicity of A and is denoted by a4 ().
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Examples

1. Let A be the general n x n matrix given by

ail ai2 st Qln

G21 Q22 - Q2q
A=

Gn1 Gp2 -+ Qpn

Then the characteristic polynomial of A is given by

T — a11 —ai2 T —01n
—Q21 T —Qa2 -  —a2n
cha(z) = det(zl, — A) =
—0an1 —0an2 T — Qpn

2. Let A be the 2 x 2 matrix
2 1
a=[7 2]

then
‘:(m—2)2—1:(m—1)(m—3)

r—2 -1

cha(z) = det(zI, — A) = 1 z_2

So the eigenvalues are A\; = 1, As = 3. Note also that a4(1) =1 and a4(3) = 1.

3. let A be the 4 x 4 matrix

1000
0 2 00
A= 0030
0 0 0 4
then, finding the eigenvalues of A
z—1 0 0 0
0 -2 0 0
cha(z) = det(zI, — A) = 0 a: 0 z-3 0
0 0 0 =z-4

=(x—-1D(x-2)(x—3)(z—4)

So the eigenvalues are Ay = 1, 2 = 2, A3 = 3, A4 = 4. Note also that a4(1) =1, aa(2) = 1,
asa(3)=1and as(4) =1.

Remark: The previous problem reveals another property of diagonal matrices. The eigenval-
ues of a diagonal matrix are always equal to the entries on the diagonal. This is easily proven
and is left as an exercise for the reader.

7.1.2 Determining the Eigenspace

The following theorem characterises the eigenvectors of a matrix A corresponding to an eigenvalue
A

Theorem 7.2 Let A be an n X n matriz, then the eigenvectors of A corresponding to \ are the
nonzero solutions of (\I, — A)x = 0.
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The proof for this theorem is trivial and is left for the reader as an exercise.

Although only one eigenvector for each eigenvalue was listed in the previous two examples, each
of the four eigenvalues in those problems have an infinite number of eigenvectors. For instance, in
Example 1 the vectors (2,0) and (-3,0) are eigenvectors of A corresponding to the eigenvalue 2. In
fact, if A is an n x n matrix with an eigenvalue A and a corresponding eigenvector x, then every
nonzero scalar multiple of x is also an eigenvector of A. This may be seen by letting ¢ be a nonzero

scalar, which then produces
A(ex) = ¢(Ax) = ¢(Ax) = A(ex)

It is also true that if x; and x5 are eigenvectors to the same eigenvalue A, then their sum is also an
eigenvector corresponding to A, because

A(Xl + Xz) = AX]_ + AXz = )\Xl + AXZ = A(Xl + Xz)

which shows that the set of all eigenvectors of a given eigenvalue A, along with the zero vector form
a subspace of R™. This subspace can be described quite simply and is given a special name. The
subspace and associated terms are defined below.

Definitions

e If )\ is an eigenvalue of A, the subspace N (A, —A) is called the eigenspace of A corresponding
to A. It is written E4(A) = N(AI, — A).

e The dimension of E4 () is called the geometric multiplicity of A and is denoted by g4()\) =
nullity (AL, — A).

Examples - FINDING EIGENVALUES AND EIGENVECTORS

1. Find the eigenvalues and the eigenvectors of

2 —12
=[]
The characteristic equation of A is given by
A—2 12
- = P00
= (A=2)A+5)+12
= A +3\-10+12
= X +3x+2
= (A+2)(A+1)=0,
which gives A\; = —1 and Ay = —2 as the eigenvalues of A. Both eigenvalues have an algebraic
multiplicity of one. To find the corresponding eigenvectors, Gaussian elimination is used to
solve the homogeneous linear system given by (A, — A)x = 0 twice: first for A = Ay = —1,
and then for A = Ay = —2. For A\ = —1, the coefficient matrix is
—-1-2 12 -3 12
(=D)L —A= [ 1 —1+5 ] = [ -1 4 ]

which row reduces to
1 -4
0 0

Therefore 1 — 425 = 0. Letting x5 = ¢, it can be concluded that every eigenvector of A; is of
the form
_ I . 4t . 4
=0 ]=[¥]= ]3] ero
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Therefore it can be stated that
4
Ea(-1) = {[ h ]} and ga(~1) = 1

For Ay = —2, one has

—2-2 12 ] _ [ -4 12
-1 —245| | -1 3

1 -3
0 0
Therefore 1 — 3z2 = 0. Letting x5 = ¢, it can be concluded that every eigenvector of A5 is of
the form
I 2 A B 1 3
i e R 8 e R
Therefore it can be stated that
EM—D:{[?]}mﬂgA—%:l

It is recommended for the reader to try checking that Ax = Ax for the eigenvalues and
eigenvectors found in this example.

@mh—A:[

which row reduces to

. Find the eigenvalues and corresponding eigenvectors of the matrix

210
A=(0 2 0
0 0 2

Also determine the geometric multiplicity of each eigenvalue.

The characteristic equation of A is

A—-2 -1 0
Mz —Al=| 0 X=2 0 [=A-23=0.
0 0 A-—2

Thus the only eigenvalue is A = 2. Note that a4(2) = 3. To find the eigenvectors corresponding
to A = 2, the homogeneous linear system represented by (21, — A)x = 0 must be solved.

0 -1 0
2L—A=[0 0 0
0 0 0

This implies that o = 0. Therefore, using the parameters s = 1 and ¢t = z3, the eigenvectors
of A =2 are of the form

T s 1 0
X=|xzo [ =] 0| =s] 0]+t 0
I3 t 0 1

Where s and t are not both zero. Therefore it can be stated that

1] 0
EA(2) = 0 ; 0 ) and gA(Q) =2
0 1
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Summary - FINDING EIGENVALUES AND EIGENVECTORS
Let A be an n x n matrix.

1. Form the characteristic equation |AI, — A| = 0. It will be a polynomial equation of degree n
in the variable \.

2. Find the roots of the characteristic equation. These are the eigenvalues of A.

3. For each eigenvalue );, find the eigenvectors corresponding to A; by solving the homogeneous
system (\;I, — A)x = 0. This requires row-reducing an n X n matrix. The resulting reduced
row-echelon form must have at least one row of zeros.

7.1.3 Eigenvalues and Eigenvectors of Linear Transformations

This section began with the definition of eigenvalues and eigenvectors in terms of matrices. However,
these definitions could have just as easily been given in terms of linear transformations. A number
A is called an eigenvalue of a linear transformation 7' : V' — V if there is a nonzero vector x such
that T'(x) = Ax. The vector x is called an eigenvector of T corresponding to A, and the set of all
eigenvectors of A (with the zero vector) is called the eigenspace of A.

Consider the linear transformation T : 2 — R3, whose matrix relative to the standard basis 3
is

13 0
A=1(3 1 0
0 0 -2

1 1 0
u; = 1 y Uz = -1 5 ug = 0
0 0 1
is the diagonal matrix
4 0 O
T7=10 -2 0
0 0 -2

The question has been stated twice before: ’For a given transformation T', how can one know
what basis to choose so that the corresponding matrix of transformation is diagonal?” One may
be surprised to find that eigenvalues and eigenvectors provide the answers. Consider the matrix of
transformation [T]g Finding the eigenvalues and eigenvectors of

13 0
[T;=13 1 0
00 —2

The eigenvalues can be found by considering the characteristic equation which is given by
A-1 -3 0
-3 A-1 0
0 0 A+2
= A+2)[(A-1)*-9]
= A+2)A?2=22-8)=(A+2)*(A—4)

IAI; — A
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the eigenvalues of A are \; = 4 and A2 = —2. The eigenspaces for these two eigenvalues are as

follows.
1
Es(4) = 1
0
1 0
Es(-2) = -1 , 0
0 1

Two very interesting points should be observed.

1. Let T : R — R be the linear transformation whose standard matrix is 4, and let v be the
basis of # made up by the three linearly independent eigenvectors just found of A. Then
[T]7, as stated earlier is diagonal

4 0 0
T2=]0 -2 0
0 —2

2. The main diagonal entries of the matrix [T]] are the eigenvalues of A.

The next section formalizes these two results and gives the necessary criterion that ensure that
a matrix A is similar to a diagonal matrix.

7.2 Diagonalization

The first objective in this section is to show the equivalence (that was suggested at in the previous

section) of the following two problems, which on the surface seem quite different.

The Eigenvector Problem: Given an n x n matrix A, does there exist a basis for R consisting

of eigenvectors of A?

The Diagonalization problem (Matrix Form): Given an n x n matrix A, does there exist an

invertible matrix P such that P~1 AP is a diagonal matrix; the matrix P is said to diagonalize A.
The latter problem suggests the following terminology

Definition

e A square matrix A is called diagonalizable if there is an invertible matrix P such that P~1 AP
is a diagonal matrix; the matrix P is said to diagonalize A. Or in other words, if a square
matrix A is similar to a diagonal matrix D then A is said to be diagonalizable.

The following theorem shows that the eigenvector problem and the diagonalization problem are
equivalent.

Theorem 7.3 If A is an n X n matriz, then the following are equivalent.
(a) A is diagonalizable.
(b) A has n linearly independent eigenvectors.

Proof:

(a) = (b) Since A is assumed diagonalizable, there is an invertible matrix

P11 P12 - DPin

P21 P22 -t Dan
P= . . .

Pn1  DPn2  DPnn
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such that P"'AP = D, where

A0 0

0 X 0
D= .

0 0 - A,

It follows from the formula P~'AP = D that AP = PD; that is,

P11 P12 Pin A0 - 0
P21 P22 Pon 0 X --- 0
AP = . ) . .. .
Pni Pn2 ' DPnn 0 0 e )\n
A1p11 A2piz 0 ApPin
AP A2p22 ot ApP2n
)\lpnl )\2pn2 e /\npnn
If we now let p1,p2,...,Pn denote the column vectors of P, then from above the successive
columns of AP are A\1p1, A2P2,---, AnPn- Thus, we must have
Apl = )\1p1, Apz = )\21)2, sy Apn = /\n (11)
Since P is invertible, its column vectors are all nonzero; thus, it follows from (11) that
A1, A2,..., A, are eigenvalues of A, and pi1,p2,---,Pn are the corresponding eigenvectors.
Since P is invertible, it follows from Theorem 5.10 that p1,pg,--.,Pn are linearly indepen-

dent. Thus, A has n linearly independent eigenvectors which thus form a basis for ™.

(b) = (a) Assume that A has n linearly independent eigenvectors, p1,Pp2,---,Pn With corresponding
eigenvalues A1, A2,..., Ap, and let
P11 P12 - Pin
D21 P22 - Pon
P = . . .
Pn1 Pn2 - DPnn
be the matrix whose column vectors are p1,p2,-..,Pn- The column vectors of the product
AP are
Api1, Ap2, ---, Apn
But
Ap1 = \1P1, Ap2 = A2P2, .-+, APn = AnPn
so that
[ Atpir Aepiz ot AaPin
A1pa1 A2p22 cct AaP2n
AP = . . . .
L /\1pn1 )\2pn2 e )\npnn
[ p11 P12 -0 pin A 0 - 0
P21 P22t DPon 0 A -~ O
= . . . . .. . =PD
L Pn1 Pn2 """ Pnn 0 0 e /\n

72



where D is the diagonal matrix having the eigenvalues of Ay, A2, ..., A, on the main diagonal.
Since the column vectors of P are linearly independent, P is invertible; thus it can be written
that P~1AP = D; that is, A is diagonalizable.

7.2.1 Procedure for Diagonalizing a Matrix

Theorem 7.3 guarantees than an n X n matrix with n linearly independent eigenvectors is diagonal-
izable, and the proof provides the following method for diagonalizing A.

Step 1. Find n linearly independent eigenvectors of A, say, p1,P2,---,Pn-
Step 2. Form the matrix P having p1,p2,--.,Pn as its column vectors.

Step 3. The matrix P 'AP will then be diagonal with A, )s,...,\, as its successive diagonal
entries, where JA; is the eigenvalue corresponding to p;, for i = 1,2,...,n.

In order to carry out Step 1 of this procedure, one first needs a way of determining whether
a given n x n matrix A has n linearly independent eigenvectors, and then one needs a method
for finding them. One can address both problems at once by finding bases for the eigenspaces of
A. Later in this section it shall be shown that those basis vectors, as a combined set, are linearly
independent, so that if there is a total of n such vectors, then A is diagonalizable, and the n basis
vectors can be used as the column vectors of the diagonalizing matrix P. If there are fewer than n
basis vectors, the A is not diagonalizable.
Examples: DIAGONALIZING MATRICES

1. Find a matrix P that diagonalizes
0 0 -2
A=[1 2 1
1 0 3
Tt is left for the reader to verify that the characteristic equation of A is given by
A=1(A=2)2=0
and the corresponding eigenspaces have the bases shown below

-1 0
A=2: P1 = 0 > P2 = 1
1 0
—2
A=1: P3 = 1
1

There are three basis vectors in total, so the matrix A is diagonalizable and

-1 0 -2
P= 01 1
1 0 1
diagonalizes A. As a check, it can be observed that
10 2 0 0 -2 -1 0 -2 2 00
P'AP=| 11 1 1 2 1 01 1|=|020
-1 0 -1 10 3 10 1 0 01
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There is no preferred order for the columns of P. Since the it* diagonal entry of P~' AP is an

eigenvalue ofr the it" column vector of P, changing the order of the columns of P just changes
the order of the eigenvalues on the diagonal of P~ AP. Thus, had it been written

-1 -2 0

P = 0o 1 1

1 1 0

then one would have obtained
2 00
PltAaPp=|0 1 0
0 0 2

2. Find a matrix P that diagonalizes

The characteristic equation of A is given by

A-1 0 0
Az —Al=| -1 A=2 0 |=A-1DA-22=0
3 -5 A-=2

Thus the eigenvalues of A are A\; = 1 and A; = 2. Tt is left for the student to verify that the
bases for the eigenspaces of A\; and A are:

Tl
Exl) = pi=| -1
I 1
[0
EA(Z) = P2 = 0
1

Since A is a 3 x 3 matrix and there are only two basis vectors in total, A is not diagonalizable.

There was an assumption made in the previous examples, that the column vectors of P, which are
made up of basis vectors from the various eigenspaces of A, are linearly independent. The following
theorem addresses this issue.

Theorem 7.4 Ifvy,va,..., vy are eigenvectors of A corresponding to distinct eigenvalues Ay, Ao, ..., Ag
then {v1,va,...,Vk} is a linearly independent set.

Proof: Let vq,va,..., vk be eigenvectors of A corresponding to distinct eigenvalues A1, Ag, ..., Ag.

If one assumes that vq,va,..., vy are linearly dependent, then a contradiction can be obtained. It
can then be concluded that vq,va,..., vy are linearly independent.

Since an eigenvector is nonzero by definition, {v1} is linearly independent. Let r be the largest
integer such that {vi,va,...,vr} is linearly independent. Assuming that {vi,va,..., vk} is lin-
early dependent, r satisfies 1 < r < k. Moreover, by definition of r, {v1,va,...,Ves1} is linearly
dependent. Thus, these are scalars ¢y, ca, ..., ¢q41, not all zero, such that

civi+cave+ o+ Crp1Vep1 =0 (12)
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Multiplying both sides of (12) by A and using
AVl = )\1V1, AV2 = )\2V2, ey AV,-+1 = )\r+1vr+1

it is obtained that
ciAv1 +c2Xova+ -+ Crp1Arp1Ver1 =0 (13)

Multiplying both sides of (12) by A,t1 and subtracting the resulting equation from (13) yields

c1(M = Arg1)vi +c2(A2 = A1)V + -+ (A — A1) ve =0

Since {v1,Va,..., vy} is a linearly independent set, this equation implies that
aM—Arg1) =l —Ay1) = =c(Ar = Ay1) =0
and since A1, Ae2,..., A.41 are distinct, it follows that
ca=cp=--=c¢ =0 (14)

Substituting these values into (12) yields
Cry1Vet1 =0
Since the eigenvector v,41 is nonzero, it follows that
¢ry1 =0 (15)
Equations (14) and (15) contradict the fact that ¢;,¢a,. .., .41 are not all zero; this completes the
proof.
7.2.2 Conditions on Diagonalability

The previous theorem leads into some results regarding the diagonalability of matrices. The next
theorem is a direct result of Theorem 7.4.

Theorem 7.5 If an n x n matrix A has n distinct eigenvalues, then A is diagonalizable.

Proof: If {vy,va,...,vn} are eigenvectors corresponding to the distinct eigenvalues A1, Az, ..., Ay,
then by Theorem 7.4 {v1,Va,...,vn} are linearly independent. Thus, A is diagonalizable by Theo-
rem 7.3.

Examples

1. It is known that the matrix

0 1 o0
A=]10 0 1
4 —-17 8
has three distinct eigenvalues, Ay = 4,y = 2+\/§, A3 = 2—+/3. Therefore, A is diagonalizable.
Further,
4 0 0
P'AP=|0 2+3 0
0 0 2-+3
for some invertible matrix P. If desired, the matrix P can be found using the method outlined
previously.

75



2. The eigenvalues of a triangular matrix are the entries on its main diagonal. Thus, a triangular
matrix with distince entries on the main diagonal is diagonalizable. For example,

-1 2 4 0

0 3 1 7

4= 00 5 8
00 0 -2

is a diagonalizable matrix

There is one final result that is well worth mentioning. Although the proof of this theorem is
well beyond the scope of this course even an elementary understanding of this theorem will lead to
a fuller understanding of diagonalability.

Theorem 7.6 If A is a square matriz, then:

(a) For every eigenvalue of A the geometric multiplicity is less than or equal to the algebraic
multiplicity.

(b) A is diagonalizable if and only if the geometric multiplicity is equal to the algebraic multiplicity
for every eigenvalue.

Once a sound understanding of all the previous theorems has been maintained it is easy to see
how the second part of Theorem 7.6 follows directly from part (a).
Example

1. Consider the 3 x 3 matrix
5 0 0
A= 1 5 0
01 4

A is a lower triangular matrix, hence the eigenvalues are the entries on the main diagonal.
Therefore Ay = 5 and A2 = 4. Note also that a4(5) = 2 (it occurs on the main diagonal twice),
and a4(4) = 1. Consider the eigenspace corresponding to the eigenvalue A\; = 5. It can be
shown by the usual method that

Thus ga(5) = 1. Note that g4(5) =1 < 2 = a4(5) and hence by Theorem 7.6(b) the matrix
A is not diagonalizable. One does not even have to check for the eigenspace of Ao = 4. This
theorem becomes extremely handy in matrices larger than 3 x 3.

7.3 Orthogonal Diagonalization

For most matrices, much of the diagonalization process must be completed before it can be deter-
mined whether or not the matrix is diagonalizable. One exception is the triangular matrix with
distinct entries on the main diagonal. This section will study another type of matrix that is guaran-
teed to be diagonalizable: a symmetric matrix. It well be shown that these symmetric matrices
are diagonalized by matrix consisting of an orthogonal set of eigenvectors. Before establishing this,
however, it is important to grasp some theory regarding symmetric and orthogonal matrices.
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7.3.1 Symmetric Matrices

Definitions

e A square matrix A is symmetric if
A=AT

Examples: SYMMETRIC MATRICES AND NON-SYMMETRIC MATRICES

1. The below matrices are symmetric

01 -2 4 3 2
1 3 0 3 76
-2 0 5 2 6 1

2. The below matrices are almost symmetric, but almost is not good enough.

34 0 2 5
4 2 -1 5 2
01 7 6 8

N Co Ot

Unlike non-symmetric matrices, symmetric matrices have a series of very useful properties re-
garding their eigenvalues which guarantee their diagonalability. These properties are summarised in
the following theorem.

Theorem 7.7 If A is an n X n symmetric matriz, then the following properties are true.
(a) All eigenvalues of A are real.
(b) If X is an eigenvalue of A, then aa(X) = ga(\) for all A.

Hence theorem 7.6 guarantees the diagonalability of symmetric matrices.

The proof of this theorem requires a knowledge of complex vector spaces and is therefore omitted.
However, the following two examples demonstrate parts (a) and (b) of the theorem respectively.
Examples

1. It can be proved that a 2 x 2 symmetric matrix always has real eigenvalues and is always
diagonalizable. Consider the general 2 x 2 symmetric matrix A where

a c
=0
The characteristic polynomial of A is given by

NI, — A| =

A—a —c
—c A—=b

‘:AZ—(a+b))\+ab—c2

As a quadratic in A, this polynomial has a discriminant of

(a+b)*—4(ab—c?) = a®+2ab+ b* — dab— 4¢?
= a®—2ab+ b — 4¢3
= (a—0b)*+4c
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Since this discriminant is the sum of two squares, it must be either zero or positive. Therefore
the eigenvalues are always real. Also A must always be diagonalizable. Consider the two cases.
If (a — b)? —4c¢? = 0, then a = b and ¢ = 0, which implies that A is already diagonal. That is,

a 0
=[5 2]
On the other hand, if (a — b)2 + 4¢®> > 0, then by the Quadratic Formula the characteristic

polynomial of A has two distinct real roots, which implies that A has two distinct eigenvalues.
Thus A is diagonalizable in this case also.

. Find the eigenvalues of the symmetric matrix

and determine the dimensions of the corresponding eigenspaces.

The characteristic polynomial for A is given by

A—1 2 0 0
_ 2 A-1 0 0 _ 2 2
(Al — Al = 0 0 \—1 9 =A+1)*(A=3)
0 0 2 A=1
Thus the eigenvalues of A are A\; = —1 and A2 = 3. Since each of these eigenvalues has a
algebraic multiplicity of 2, it is known form Theorem 7.7(b) that the corresponding eigenspaces
also have a dimension of 2. Specifically, the eigenspace of A\; = —1 has a basis of
1 0
1 0
ﬂ - 0 3 1
0 1
and the eigenspace of Ay = 3 has a basis of
1 0
_ -1 0
= o] 1
0 -1

and hence the matrix is diagonalizable.

7.3.2 Orthogonal Matrices

Recall that to diagonalize a square matrix A, an invertible matrix P is needed such that P~1AP is
diagonal. For symmetric matrices, it shall be shown that the matrix P can be chosen to have the
special property that P~! = P?. This unusual matrix property is defined as follows

Definitions

e A square matrix P is called orthogonal if it is invertible and

P—l — PT
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Example: AN ORTHOGONAL MATRIX

1. The matrix

0 1
p=[ 0]
is orthogonal since
-1 _ T _ 0 -1
rerre (3 5]

Recall also that two vectors p; and p2, are orthogonal in " if and only if p; - p2 = 0, and they
are orthonormal if in addition, [|p;|]| = 1 for ¢ = 1,2. In the previous example, it can be observed that
the columns of P form an orthonormal set of vectors. This result suggests the following theorem.

Theorem 7.8 Annxn matrix P is orthogonal if and only if its column vectors form an orthonormal
set.

Proof: Suppose that the column vectors of P form an orthonormal set:

P = [p1|p2] - |Pn]
P11 P12 - Pin
P21 P22 -t Pon
DPn1  DPn2 “°° Dnn
Then the product PT P has the form
[ P11 P21 -t Pni P11 P12 - Pin
T P12 P22 - Pn2 P21 P22 - P2n
PP = . . . . . . . .
| Pin P2n " Dnn Pn1 Pn2 - DPnn
[ P1-P1 P1-P2 - P1-Pn
B P2-P1 P2-P2 - P2 Pn
| Pn"P1 Pn"P2 °°° Pn Pn
Since the set {p1,P2,--.,Pn} is orthonormal, one has

pi-Pj, i #Zjand pi-pi = [|pil|* =1

Thus the matrix composed of dot products has the form

1 0 0

() 1 0
P’p=| . . . |=1I,

0 0 1

This implies that PT = P~!, and one concludes that P is orthogonal.
Assume now that P is an n x n orthogonal matrix. Let P be the matrix

P11 P21 - Pnl

D12 P22 - Dn2
P= ) . )

Pin  DP2n *tt DPnn
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As P is orthogonal, PT = P~! and therefore PTP = I,,. Tt is known that

P11 P21 - Pnl P11 P12 - DPin
T P12 P22 - DPn2 P21 P22 - DPon
PP = . . . . . . .
_pln Pon  *°* DPnn Pnl Pn2 *°° DPnn
_Pl'Pl P1-P2 - P1-Pn
P2-P1 P2'P2 -+ P2 Pn
_pn.pl pn.p2 pn.pn
1 0 --- 0
01 --- 0
| 0 O 1
where
PZ[P1|P2|"'|Pn]

therefore one has that
pi- Py i #jand pi-pi = |[pil|* =1

and hence {p1,P2,...,Pn} form an orthonormal set.
Example: AN ORTHOGONAL MATRIX
1. Show that
V2 _VB V3
2 6 3
P=|o0 ¥ ¢

V2 V6 _ V3
2 6 3

is orthogonal by showing that PTP = I3. Then show that the column vectors of P form an
orthonormal set.

Since
2 o0 2 |[e g ¥ 10 0
Prr=| % 48 Ao o S |=|o1o|=r
V3 V3 _ V3 V2 V6 _ V3 0 0 1
3 3 3 2 6 3

It follows that PT = P~!, and it is concluded that P is orthogonal. Moreover it is clear that
the columns of P form an orthonormal set, as letting

2
pi=| 0 | ,pe=| ¥ | ,ps=| &
V2 V6 _V3
2 6 3
produces
P1'P2=P1'P3=pP2-p3=0
and

||P1|| = ||P2|| = ||P3|| =1

Therefore {p1, P2, ps} form an orthonormal set. Note that all those calculations take place in
the operation PTP.
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Before presenting the main result of this section, the following preliminary theorem is given, which
states that for symmetric matrices eigenvectors corresponding to distinct eigenvalues are orthogonal.

Theorem 7.9 Let A be an n X n symmetric matriz. If Ay and A2 are distinct eigenvalues of A,
then their corresponding eigenvectors x1 and xo are orthogonal.

Proof: Let \; and A2 be distinct eigenvalues of A with corresponding eigenvectors x1 and xa. Thus
Axy = AMix1 and Ax2 = Aax2. To prove the theorem, it is useful to start with the following matrix
form of the dot product.

T21
T22 T
X1'X2=[l‘11 Ti2 - $1n] . =X1 X2
Ton
Now it can be written
)\1 (X]_ . Xz) = ()\1X1) cXo = (AXI) cXo = (AX]_)TX2

(XlTAT)X2 = (X]_TA)XZ = X]_T(AXZ)
= XlT()\2X2) =X - (/\2X2) = )\2(X1 - Xg).

This implies that (A; — A2)(x1 - X2) = 0, and because A\; # Ay it follows that x; - x2 = 0. Therefore
x; and xo are orthogonal.

7.3.3 Orthogonal Diagonalization
Definition

e A matrix A is said to be orthogonally diagonalizable if there exists an orthogonal matrix
P such that P~1AP = D is diagonal.

The following important theorem states that the set of orthogonally diagonalizable matrices is
precisely the set of symmetric matrices.

Theorem 7.10 Let A be an n X n matriz. Then A is orthogonally diagonalizable if and only if A
18 symmetric.

Proof: The proof of the theorem is straight forward in one direction. That is, if it is assumed that
A is orthogonally diagonalizable, then there exists an orthogonal matrix P such that D = P~1AP
is diagonal. Moreover, since P~! = PT

A=PDP'=pPDP?,
which implies that
AT = (pDP")T = (PT)T(PD)" = PDTPT = PDPT = A

therefore A is symmetric.

The proof of the theorem in the other direction is more involved, but it is important because
it is constructive. Assume that A is symmetric. If A has an eigenvalue A of algebraic multiplicity
k, then by Theorem 7.7(b), A has k linearly independent eigenvectors. Through the Gram-Schmidt
orthonormalization process, this set of k£ vectors can be used to form an orthonormal basis of eigen-
vectors for the eigenspace corresponding to A\. This procedure is repeated for each eigenvalue of
A. The collection of all resulting eigenvectors is orthogonal by Theorem 7.9, and it is known from
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the normalization process that this new collection is also orthonormal. Let P be the matrix whose
columns consist of these n orthonormal eigenvectors. By Theorem 7.8, P is an orthogonal matrix.
Finally by Theorem 7.3, it can be concluded that P~1AP is diagonal. Hence A is orthogonally
diagonalizable.

Example: WHICH MATRIX IS ORTHOGONALLY DIAGONALIZABLE
1.
9 3 4 5 2 1
A=365]| A=|2 17 A3=[‘;(2](1)]
45 7 7 6

It is known by Theorem 7.10, that the only diagonalizable matrices are the symmetric ones,
which in this case is only A;.

-1

It was mentioned above that the second section of the proof of Theorem 7.10 is constructive.
That is, it gives steps to follow to obtain an orthogonal matrix P that diagonalizes a symmetric
matrix. These steps are summarised as follows.

7.3.4 Procedure for Orthogonal Diagonalization

Let A be an n x n symmetric matrix.

Step 1. Find all eigenvalues of A and determine the algebraic multiplicity of each.
Step 2. For each eigenvalue of algebraic multiplicity 1, choose a unit eigenvector.

Step 3. For each eigenvalue of algebraic multiplicity & > 2, find a set of k linearly independent
eigenvectors. (This is always possible as Theorem 7.7 shows.) If this set is not orthonormal,
apply the Gramm-Schmidt orthonormalization process.

Step 4. The composite of steps 2 and 3 produces an orthonormal set of n eigenvectors. Use these
eigenvectors to form the colnmns of P. The matrix P! AP = PTAP = D will be diagonal.
(The main diagonal entries of D are the eigenvalues of A.)

Examples: ORTHOGONAL DIAGONALIZATION

1. Find an orthogonal matrix P that orthogonally diagonalizes
3 1
=13

Step 1. The characteristic polynomial of A is

pr-ai=| 250 T = aeno-g -
= M _-6)1+9-1
= A —-6)A+8
= A-49(Ar-2)

Thus the eigenvalues are A\; =4 and Ay = 2

Step 2. Now for each eigenvalue of algebraic multiplicity 1, an eigenvector is found by con-
verting the matrix AIy — A to reduced row-echelon form. Note that in this case, both A
and Ao have an algebraic multiplicity of 1.
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For \1 =4

-1 1 0 0

Therefore the eigenspace corresponding to A; = 4 is spanned by the basis

o=

-1 -1 1 1
B:)\QIQ—A—2I2—A—|:_1 _1:| #rrefB—[O 0:|

Therefore the eigenspace corresponding to A2 = 2 is spanned by the basis

so={[ ]

The eigenvectors (1,1) and (1,-1) form an orthogonal basis for 2. Each of these is
normalized to produce an orthonormal basis. The new bases for the eigenspaces are given

below.
EA(4):{p1}={lE]} EAQ)Z{Pz}:{l_Ti]}
V2 V2

Step 3. Because each eigenvalue has an algebraic multiplicity of 1, go directly to step 4.
Step 4. Using p; and p2 as column vectors, the matrix P is constructed.

B:/\1[2—A:4I2—A:[ 1 _1] :>rrefB:[1 _1]

For Ay =2

—~

Sk
Sk

P is verified by computing P~'AP = PTAP = D.

1 1 1 1
w214 E ]
i w3 s —m L0 2
2. Find an orthogonal matrix P that orthogonally diagonalizes
-7 24 0 0
24 7 0 0
A= 0 0 -7 24
0 0 24 7
Step 1. The characteristic polynomial of A is
A+T7 —24 0 0
-24 A-7 0 0
Ma—Al =1 " "o a7 24
0 0 -24 A-7

= A+NDA=7[A+T7)(A=T7)—247]
=2482[(A+T7) (A =7) — 247]

= [A+7)(\—7)—24%72

= (A% —49 - 576)*

= (A% —625)2

= [(A+25)(A=25)]

= (A+25)%(\—25)2
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Thus the eigenvalues are A\; = 25 and Ay = —25. Note also that a4(25) = aa(—25) =
Step 2. Neither of the eigenvalues have an algebraic multiplicity of one. Hence go to step 3.

Step 3. The eigenspaces of each eigenvalue are found by solving the homogeneous system
[Al4 — A]lx = 0. This can be done by converting the matrix Ay — A to reduced row-
echelon form.

For \1 =25

32 -24 0 0
—24 18 0 0
0 0 32 24

0 0 —24 18

B=M\I,-A=25I, — A=

1 =20 0
0 0 0 0
= rrefB = 0 01 — %
0 00 0
Therefore the eigenspace corresponding to A; = 25 is spanned by the basis
ol
1
0 1
For Ao = —25
—18 —24 0 0
—32 0 0
B=XIj—A=-25I; - A= _18 —24
—24 -32
1 g 0 0
0 0 0O
= rrefB = 00 1 %
0 0 00
Therefore the eigenspace corresponding to A2 = —25 is spanned by the basis
4
] o
Ea(=25) = 0 ) _4
3
0 1

These two bases are orthogonal but not orthonormal. Hence an orthonormal bases for
each eigenspace is calculated using the Gramm-Schmidt process. The process yields the
following two bases

E4(25) = {p1,p2} =

O O ulkotw
ol O O

O O TUW

EA(-25) = {p3,pa} =

Glwas O O
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Step 4. Using p1,p2,P3 and p4 as column vectors, the matrix P is constructed

|

I
O O umorw
gt © O
O O ulwos
clws O O

P is verified by computing P"'AP = PTAP = D. It is easily shown that

2% 0 0 0
yp oTam_ | 025 0 0
PTUAP=PTAP=| o 0 o
0 0 0 —25

7.4 Application of Eigenvalues and Eigenvectors

The applications of Eigenvalues and Eigenvectors are far two numerous to mention them all. In this
brief course on linear algebra there is only sufficient time to mention and summarise three of their
most simple applications.

7.4.1 Calculation of Matrix Powers

Let A be an n x n matrix. To calculate A™ for large m is laborious and time consuming. However
if A is diagonalizable this process can be greatly simplified. Consider the following construction.
Let A be an n x n diagonalable matrix, and let P be an invertible matrix whose column vectors
are the eigenvectors of A, then
P'AP=D

where D is a diagonal matrix. If D = P~ AP then it follows that
A=pPDP!
Therefore A™ where m > 1 is equivalent to
(PDP~H™
Consider the special cases for m = 2 and m = 3

m=2 — (PDP™ Y =PDP'PDP!'=PDIDP'=PD*P!
m=3 — (PDP™')?=PDP'PDP'PDP'=PDIDIDP'=PD3P!

Therefore in general it can be stated that
A™ = (PDP YY" = pDp™P!

Recall from Section 1.6.1 that if D is the general diagonal matrix

d 0 ... 0
0 do ... 0
D=| . . . :
0 0 ... d,
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then

am™ 0 0
Dm 0 da™ 0
0 0 ... d,"

Thus calculating the m** power of a matrix can be done by constructing a matrix P such that
P~1AP = D where D is diagonal. Then the calculation A™, which involves m matrix multipli-
cations, reduces to PD™P~1 which, due to the simplicity of the form of D™, involves only three
matrix multiplications.

Remarks: Note that it would be foolish to use this method for values of m < 5 as there is not a
significant reduction in work. Also note that this method is only possible for matrices which are
diagonalizable.

Examples: MATRIX POWERS USING EIGENVALUES AND EIGENVECTORS

1. Let A be the matrix
A= 2 1
1 2

It is left for the reader to show that the eigenvalues of A are Ay = 1 and A2 = 3. The
corresponding eigenspaces are spanned by the bases

EMU={m}={l_Z?]} Ed$={m}={l 2]}
2

Using p1 and p2 as column vectors, the matrix P is constructed.

S-S

_1 1
V2 V2
Then P~ 1 AP = D where
1 0
=4 5]
Thus it can be stated that
A™ = ppmp!
1 1 1 1
vz v Los 2 V2
_ 1 [-1 1)1 o0]1[-11
- Al 1 1flo 3| 11
_ 1[3m+1 3m—1
T2 3m—_1 3m41

7.4.2 Systems of Linear Differential Equations

A system of first-order linear differential equations has the form

yi = a11y1 +a12y2 + -+ Q1pYn
Y5 a21yY1 + a2y2 + - - - + a2nYn

Yo = Qan1¥Y1 + an2yY2 + -+ AnnlYn
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where each y; is a function of ¢ and y} = dy;/d¢t. Let

Y1 Y1

Y2 Ys
y=1 . and y' =| .

Yn y;»

r_
y =Ay
where A is the n x n matrix
aix a2 - Qin
a21 Q22 - Q2pn
A=
Gp1 Gp2 *°* Qnn

Example: A SIMPLE SYSTEM

1. Solve the following system of linear differential equations.

Y1 = 4y
Yp = —Yo
Y3 = 2y3
;From calculus it is known that the solution of the differential equation
y' =ky
is
y = Cekt
Therefore the solution of the given system is
y1 = Crett
y2 = Coe !
y3 = Cze?

The matrix form of the system of linear differential equations in the previous example is y' = Ay,
or

Y1 Y1
v} 4 00 Yo
. =10 -1 0 .

: 0 2 0 :
y; Yn

Thus the coefficients of ¢ in the solutions y; = C;e*it are given by the eigenvalues of the matrix A.
If A is a diagonal matrix, then the solution of y' = Ay can be obtained immediately, as in the
previous example. If A is not diagonal, then the solution requires a little more work. First it must
be attempted to find a matrix P that diagonalizes A. Then the change of variables given by y = Pw
and y' = Pw' produces
Pw' =APw = w =P 'APw

where P~1 AP is a diagonal matrix. This procedure is demonstrated in next example.
Example: SOLVING BY DIAGONALIZATION

1. Solve the following system of linear differential equations.

Y1 = 3y1+ 2y
yy = 6y — 2
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First it is necessary to find a matrix P which diagonalizes the matrix

3 2
=6
The eigenvalues of A are A\; = —3 and Ay = 5, with corresponding eigenvectors v; = (1, —3)

and vz = (1,1). Since the eigenvalues are distinct, it is known that there exists a non-singular
matrix P that diagonalizes A. The columns of P are the eigenvectors v and ve. That is,

P:[ ! 1] and PIAPz{

-3 0
-3 1

0 5

The system represented by w' = P~! APw has the following form.
[w{]_[—?) 0][101] N w, = 3w
wh | 0 5 Wy wh = 5w
The solution to this system of equations is
wy; = Cleist
Wo = 0265t
To return to the original variables y; and y», use the substitution y = Pw. Then,
Y1 _ 11 w1
HNENI
which implies that the solution is

Y1 = w) +wy = Cre 3 4+ Chedt
Y2 = 3w +wy = —3016_3t + 0265t

7.4.3 Classification of Conics

This application of eigenvectors and eigenvalues is only mentioned briefly. Eigenvectors are found to
point in the direction of the major and minor axes of conics. Establishing what the eigenvectors are
and then performing a rotation of the standard basis to the eigenvector basis results in a simplified
form of equation. Once the equation is expressed in terms of eigenvector coordinates, its classification
and sketching are a trivial matter. For a full discussion, see ELEMENTARY LINEAR ALGEBRA
by Larson and Edwards.
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