MT152
2. Partial Derivative and Tangent Planes

2.0 Introduction.

The derivative of y = f(z) at a point = a is the slope of the curve

dy df

From this you can derive the equation of the line that “touches” the curve at x = a,

y = f(a), which is called the tangent line: It has the same slope as the curve at x = a

and it passes through the same point, (a, f(a)):

v~ 5(@) = L @)z~
= = @)+ D a)a—a)

For example the tangent line to the curve y = z? at z =1is (y— 1) =2(z - 1) =y =
2z — 1.

Tangentline at (1,1)toy = ¥ is y = 2x-1.
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Since lines are easier to work with than curves, tangent lines are often used as approzi-
mations to curves. For instance suppose you wanted an approximation to ¢%! you might

consider the curve y = e® and approximate it by its tangent line at z = 0: (slope €® = 1)
y—1=1z—-0)=>y=a+1.

Soelt ~1+4+0.1=1.1.
Tangent planes are an extension of tangent lines. A tangent plane at (a, b, f(a,b))
“touches” the surface z = f(z, y) at x = a, y = b and z = f(a,b) and is often used as

an approximation to the surface. For example the tangent plane to z = 1 — 22 — y? at

(0,0,1)is z = 1.

The tangent plane at (0,0,1)toz=1 - X2 - y2 isz=1.
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But how do we find the tangent plane at (1, 0, 0)? Suppose we were to slice the surface

and tangent plane at (a, b) with the vertical plane y = 0.

The intersection of y = 0 with the surface z = f(z, y) is the curve z = f(z, 0) = g(z) =

2

1 — z®. Since the tangent plane touches the surface its intersection with the vertical

d
plane y = 0 must be the tangent line to z = g(z) at z =1. So 2 — 0 = d—g(l)(x —1), or
T

z = —2(x — 1) lies in the tangent plane.



Similarly we could intersect the surface with the vertical plane x = 1 and find a second

tangent line. When x = 1 we have the curve z = f(1,y) = h(y) = —y*. Now the tangent

dh
line to z = h(y) = —y*at y=0is 2 — 0 = d—(O)(y — 0); that is z = 0. Together these
Y

lines define the tangent plane. That is z = —2z + 1.

The tangent plane at (1,00)toz=1 - X2 - y2 isz=-2x+2

e
9= S SINEIRNNNRN
S0 TS STTTEITIINNI NN

ST

7
Ay 0 2050 %
s
e

Z

7
717
77
7

RALRAY
SASTILIRIIIRINNY

7
7

a2z 0 S N
9000%: (TS STETITTITITTIIN
GG .

7
L5775 0.2
7740550

17
7

N
N

If you think about it this means that the tangent plane is defined by the slope of the
d
surface in the z direction (d—g) and the slope of the surface in the y direction (?) and
€T Y

the point (a, b, f(a, b)).

Now the “slope in the z direction” is calculated with y held fixed (y = 0 in the example
above). It is called the Partial Derivative of f(x, y) with respect to z (keeping y fixed),
and denoted %. Normal rules of differentiation apply, we simply think of y as a con-
stant. Once we know about Partial Derivatives we can define tangent planes and linear

approximations.



