MT152
2. Partial Derivative and Tangent Planes

2.3 Applications Using Linear Approximations

Example. Suppose Temperature is given by T(z, y) = 100 — z? — y? in the region
—10 <z <10, —10 < y < 10. But we are interested in temperature around x = 0 and

y = 5. Find a linear approximation to T'(z, y) about (0, 5).

The linear approximation is the tangent Plane at (0, 5).

T(0,5) =175

9L — —2z = 2L(0,5) =0
oT __ oT _

% = —2y=5,(0,5) =10

T(x,y)~75—0(x—0)—10(y — 5)
~75—-10(y — 5) =125 —-10y  for (z, y) = (0, 5).

The tangent plane at (0,5,75) to z = 1007><27y2 is z=125-10y
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Example. Find the tangent plane to e~ siny at 1, Z) and use it to find an approximate
g Y 2

value for =09 sin(1.5)



Let

f(z, y) = e siny
f0, ) =eti=1
% = 2z % siny = %(1, )= —2¢"1==2
g—;j = e cosy = %(1, 5)=0
So the tangent plane at (1, ) is

1 2
=~ Z@-1).
z . e(x )
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We can use this to approximate e’ siny forx ~ 1 and y ~ 7.

Here x = 0.9 and y = 1.5 so

1 2

@ sin(1.5) ~ = —2(0.9-1)
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where F is voltage and R is resistance.



Find a linear approximation for P(F, R) if
E ~ 200 volts and R ~ 400 ohms.

Use this to find the effect that a change in £ and R has on P.

oP __ 2F apP —
88 = 28 = 8£(200, 400) = 1

b — _ B - 8P(200, 400) = L.
So P(E, R) ~ 100 + (E — 200) + 5*(R — 400) for (E, R) ~ (200, 400). Let AE be the
change in F, then £ = 200 + AFE.

Similarly let AR be the change in R then R = 400 + AR.

So the change in P, AP = P — 100 is given approximately by

AP ~ AFE + _TlAR

Linear Approximations and small changes

As in the previous example if we let
Af = f(xa y)_f(a'a b)a
Az = (z—a),

then the linear approximation to f(x, y) at (a, b), may be written as

Af = fi(a, b)Az + fy(a, b)Ay.

Example. Suppose when making up a metal barrel, base radius 1, height 2, you allow

for an error of 5% in radius and height, what is the resulting error in volume.

The volume of the barrel is

V(r, h) = mr?h.



Now V, = 27rh and V}, = mr? and at (r, h) = (1, 2),

Vi(1,2) = 4x

Vh(l, 2) = T.

So AV = 4xAr + 7wAh.
Now if the error in radius is 5% then

g = 0.05 = Ar = 0.05, since r = 1.
r

If the error in height is 5%

A
Th = 0.05 = Ah = 0.1, since h = 2.

So AV = 7(4.(0.05) 4+ 0.1) = 0.37 or the % error in volume

0.3
v W@ 0.015 = 1.5%.

Infinitesimal changes

In mathematics we often imagine infinitesimal changes which are denoted dx rather than

Az, etc. The linear approximation then gives rise to the differential of the function

df = fu(a, b)dz + f,(a, b)dy.

which we will use later in section 2.5 on the chain rule.



