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2. Partial Derivative and Tangent Planes

2.5. The Chain Rule and Applications

The chain rule is used for differentiating a function of a function such as e*”. To evaluate
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f(u) = e* and u(z) = 2°.

, we first square z and then take the exponential of the result y = f(u(x)) where

dy df du o 2
=e".2x = 2xe”
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: : : : dr
Example. Suppose the radius of a cylinder is decreasing at a rate — = —2 cm/s. How

dt
fast is the volume decreasing when r =1 m and h =2 m?

Volume of a cylinder is given by V = wr2h. Now sine h is constant it follows that

AV dVdr dr \
P 27rrhd = 27100.200.(—2) = —80, 0007 c¢m? /sec.

What if A is a function of ¢ as well?

Chain Rule for functions of two variables

Suppose f(z(t), y(t)) and we want pre

G _ e D _ i £+ A, y(t+ AY)) — f(2(t), (1)
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Now if f is smooth and Af is small we can relate it to Az and Ay through the linear

approximation;

Af ~ f.Az+ f,Ay

Af x
= ar = A thar

Then we can let At — 0 and if z(¢) and y(¢) are smooth too then

df . dz dy
a Ty

which is the Chain Rule for f(z(t), y(t)).
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Example. What if h(t) is also decreasing, E(t) = —lcm/s, and as before 7
—2cm/s.

In this case we have
ﬂ oV dr L oV dh
dt ~ dr dt ' 0Oh dé
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thdt + 7r? 7

= 27.100.200.(—2) + 7(100)%(—1)
= —90, 0007 cm?/sec.

In fact the chain rule can be extended to any number of dimensions eg.

If V(a(t)), b(t), c(t)) = abc is volume of a box then
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Tree diagrams

To keep check of what depends on what, you can draw a tree diagram for z = f(x(t), y(t))
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So
dz Ozdx 492 0z dy
dt oz dt oy dt’

Orif z = f (u(z(t), y(t)), v(z(t), y(t))) then the tree diagram is

as follows.
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From which we see that since z can also be thought of as a function of z(¢) and y(t) so
that
dz Ozdx 0Ozdy
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Example. Find the slope of z = f(z, y) = sinz cos y in the radial direction at (, 27).
First recall polar coordinates
T =rcosf r=x?+y>

y =rsinf tanf = y/x

The slope in the radial direction is g—{ where f(x(r, 8), y(r, 0)).
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Now i COS T COS 7Y, a_y = —sinzsiny, a—f = cosf and % = sin 6.
So at (z, ) = (, 2n),
U imom) = ()@= 1
0
oim2m) = (<0)(0)=0
Now since tan = 2 = 2 we obtain
X (m,2m)
v _ cosf = ! -
or Vit tan?0 V5
Similarly,
dy _ . - 2
Ezsmﬁzx/l—cos Qzﬁ.
of 1 2 -1
Finally, =— = (-1)(—%=) + 0(—= = —.
"G = (D) +0( =
Example. Show that any function of the form z = f(z + at) + g(z — at) satisfies
P
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Let u(z,t) = (z + at) and v(z,t) = (z — at). Then o e and
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Now z(u(z, t), v(z, t)) = f(u) + g(v). So

0 _0:0u 0200 _ dfdu  dgdw
ot Ouodt Ovot du 0t  dv ot
= a(f'(u) — g'(v)).

0z : e
Since — is a function of u(z, t) and v(z, t) we can differentiate it with respect to ;

ot
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Similarly, % = (f" + ¢"). So



The above equation is called the wave equation.
For example, the travelling wave z = A+ B cos(z + 1t) is a solution to the wave equation
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