3. Max and Min Problems on Surfaces

3.1 Second Order Partial Derivatives and Quadratic Approximations
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In functions of one variable if d—f(a) = 0 the second order derivative, the curvature,
x
determines if £ = a is a max or min.

But for functions of two variables it is not so simple. Take
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z = fi(z, y) = 2? + y?, it has a min at (0, 0) and z = fo(z, y) = —2? — y* has a max at

(0, 0), but z = f3(z, y) = z? — y? has a saddle at (0, 0),
0fs 0fs
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understand this we need to be able to aproximate the surface close to (0, 0) with a

which is neither a local max nor min even though (0) = 0 and (0) = 0! To

Quadratic Function. The linear approximation to f(z, y) at (0, 0) is

Lz, 9) = £0.0)+ 510, 02 + L0, 0.

The Quadratic approximation to f(x,y) at (0,0) is a quadratic function of z and y:

Q(z, y) = f(0, 0) + mzx + ny + az® + bry + cy’.

But what are the coefficients m, n, a, b and ¢? If f(z, y) = Q(z, y) = f(0, 0) + mz +

ny + ax? + bry + cy? then or =m+2ax+by = a—f(O, 0) = m and of =n+by+2cy =
ox ox oy
%(0, 0) = n. Moreover,
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In fact in general
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(You can use Taylor Series to prove this.)

So that the Quadratic approximation to f(x, y) near (a, b) is

Qe 1) = f(a.H) + 5@ Y =)+ G ia )iy -0
3@ 0 =+ 3 (0 Do )y = )+ 555 (e By~

For example let’s work out the quadratic approximation of
fla,y) =1—a” +y* +ay +2° + 2%y
about (0, 0) because

—(0,0) = —2x+y+3x2+2xy2/ =0
z=0,y=0

—(0,0) = 2y+x+2y:c2/ =0
(0,0)

—=(0,0) = —2+6x+2y2/ =-2

(0,0)

(0,0) = 1+(2m)(2y)/ =1

(0,0)

—>(0,0) = 2—|—2x2/ =2
0y? (0,0)

and f(0, 0) = 1.
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Q(z, y):1+Ox+0y+7x2+1my+§y2=1—x2+xy—|—y2

flz,y) ~Q(z,y) for (z,y)=~(0,0).

If |z|, |y| < 0.1 then we are ignoring terms on the order of (0.1)3 = 0.001.
In this example the function is a polynomial in z and y and we can almost read off the

quadratic approximation. But in the next example we really need to use the formula.

Example. Find the linear and quadratic approximation of z = f(z, y) = e ¥ about
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57 = (—2+4)e ™V = o7 5(0,0) = —2.

So the linear approx at (0, 0) is L(z, y) = 1. (ie. the tangent plane is z = 1) and the

quadratic approximation at (0,0) is
Qr,y) =1+ —22° — 29

from which we can see that the origin is a max.
You can calculate the Quadratic approximation at any point (a, b). Just use the formula.

Example. Find the quadratic approximation to z = f(z, y) = z%y at (1, 2).

g—i - 2:L'y=>(;f(1,2):4
g—i = g? a_f(l 2) =1

% — 6215(1 2) = 4
8(12(;7; - 2$:>8(?52(§fy(1’ 2)=2
L=

SoQz,y)=2+4(x-1)+(y—2) +3(@—1)*+2(z — 1)(y — 2) and f(=, y) ~ Q(z, y)
for (z, y) ~ (1, 2).
The quadratic approximation can be used in applications to get a better estimate of

error.



Example. Let’s take that barrel again, base radius 1, height 2

V(r,h) =7r*th =V(,2)=2r

%—Z =2rrh = %—‘;(1, 2) =4r
Z—X = 712 ig—‘;(l, 2)=m
%27‘2/ =2rh = %27‘2/(1, 2) =Ar
86:6‘); =21r = aa:(;;(l, 2) =2m
A

So
V(r, h) ~Q(r, h) =21 +4n(r — 1) + 7 (h — 2)

+2(r -1 +2n(r—1)(h—2)+0
for (r, h) ~ (1, 2).
Let Ar =r—1and Ah = h—2. Now if Ar = 0.05 and Ah = 0.1 what is the approximate
error in volume AV?

Last time we used linear approximations to get 0.37. Using quadratic approximations

AV =~ Q(r, h) — 21 = 4wAr 4+ 7Ah+27Ar® + 2rArAh
= m(4(0.05) + 0.1 + 2(0.05)* + 2(0.05)(0.1))
= (0.2 + 0.1+ 2(0.0025 + 0.005))

= 0.3157 (actual 0.31515).



