5. Parametrisation of Curves and Line Integrals

5.5 Work done or path integrals for nonconservative fields

Path integrals for Forces which are not conservative depend on the path. To work them
out we need to parametrise the path by ¢ say, and convert the integral to one over ¢.
Say F(z, y) = Fi(x, y)i+ Fy(z, y)j is a non conservative field and z(t) and y(t) provide

a parametrisation of the path. Then
F.di = Fi(z, y)dz + Fy(z, y)dy

/C Podi = /t = (Fl(x(t), y(t))fl—f + By(a(t), y(t))%) dt.
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Example. Evaluate / F.d7 where F = (x ;— y) 1+ Y 7 and the path is as shown.
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Split up the path into two parts:

along C: r=1, y=t, 0<t<1
along Cj: r=2—-t y=1, 1<t<2

Then

/ F.di = / F.di + / F.dr.
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Now along C;: r=1i+1tjsodrf =jdt. And along Cy: r = (2—1t)i+ jso dif = —idt.
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Example. Evaluate / F.df were F = (x +y)i + yj and C is the arc of the ellipse
c
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xz +y? =1 from (0, 1) to (2, 0).



First parametrise the path:
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§:c0st, y=sint for t=— to0.

Then along C

F = (2cost + sint)i + sintj

and

. (dz_ dy. . R .
dr = (Ez + E_]) dt = (—2sinti + cos j)dt.
So
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/ Fdr = / ((2cost + sint)i + sintj) .(—2sin ti + costj)dt
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= / (—4sintcost — 2sin2t+costsint) dt
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(—3 sintcost — 2sin? t) dt.
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To evaluate we need to use double angle formulae

sin2a = 2sinacosa and  cos2a = cos2a — sin2a = 1 — 2sin® a.
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