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Abstract Instances of the futile questioning problem case, futility means that no violation can be proved. In
abound in applications, especially, in the area of arti- the case of planning problems, a question corresponds
ficial intelligence. The problem can be represented by to a goal. One wants to determine whether there exists
a particular quantified Boolean formula. A variation of a plan or strategy that—no matter which unknown con-
the problem includes also costs for the logic variables. ditions exist—leads to the goal.
Typically, the problem is simplified instead of solved  Such problems can be modeled as follows. A knowl-
directly, which may lead to inaccurate results. Alterna- edge base is given as two theoriBsand S of propo-
tively, the problem can be transformed to a standard sitional logic. TheoryR establishes valid relationships
format. We investigate the complexity of the futile ques- among the questions, which are represented by a vari-
tioning problem and two subclasses. Based on the com-able setQ. Theory S models the knowledge domain
plexity result, we argue that a transformation to the and includes the negation of the goal or decision to
standard format is not suitable for practical purposes. be established. Thus, unsatisfiability Sfestablishes
that goal or decision. The theoriésand S share the
Keywords: Futile questioning, quantified Boolean for- variable set). We want to find answers to the ques-
mula, complexity, polynomial hierarchy, logic compu- tions, given as a truth assignment for the variables of

tation. @, which are consistent witlR but not with.S. We re-
fer to this problem as Q-ALL SAT. We also encounter
1. Introduction the problem where a cost is associated with the truth

. . . . o assignment to each variable B, and where answers
Many intelligent systems interactively acquire informa- . . .
inducing minimum total cost are searched for. We calll

tion from the user and make decisions based on the ac-thiS problem Q-MIN UNSAT.

quired data. Such systems pose ques_t|ons th_at are an Although instances of the futile questioning prob-
swered by the user. For example, a diagnostic syste : ) .
. . : em abound, the problem is typically not tackled di-
may query the user to establish a diagnostic goal that ) .
. rectly. Instead, the problem is reduced to a simpler one,
the system has selected based on a preliminary analy- S .
\ nd then the simplified problem is solved. Why does
sis. If the goal happens to be unprovable regardless o ) L :
. . . the futile questioning problem seem to defy a direct
the answers supplied by the user, then that goal is futile ) . . . .
solution? In this paper, we investigate the complexity

Ahether that stuation  at hand, then ruieas ines of ©f (€ fUtle questioning problem. Both Q-ALL SAT
’ nd Q-MIN UNSAT are at the second level of the

guestioning can be cut short. In some systems, a cos o
may be explicitly or implicitly associated with the ac- polynomial hlerarchy, .afnd thus, very hard. Note that
quisition of answers. Q-ALL SAT is a quantlfled Boolean formula that can
In artificial intelligence, the futile questioning prob- be tn_ansformed into a standard format, ca_l@&F.
QBF is also located at the second and even higher levels

lem models a variety of applications, like regulator N . .
. y ot app 9 y of the polynomial hierarchy. Recent interest in QBF has
compliance and planning. An example for regulatory ’ .
resulted in several solution approaches. However for

compliance is the system for management of hazardous ) o )
mat(frials describegllby Straach angTruemper [17]. Thepractlcal applications, a representation of Q-ALL SAT

answers to questions determine the setting or situationc> & QBF formula is not suitable for the following rea-

S . . son: We have analyzed the complexity of subclasses
to be managed. We want to decide if a certain action : )
. L . . and show that the complexity of those subclasses is re-
can be done without violating the regulations. In this



duced by at least one level. A reduction to QBF will 3. Q-ALL SAT and Q-MIN UNSAT

disguise the structure of the easier subclasses. Define a literal to be a variable or a negated variable. A
The next section outlines related work. Section 3 |iterg| is positiveif it is a variable anchegativeif it is

defines Q-ALL SAT and Q-MIN UNSAT. Section 4 5 negated variable. The variable of a literid denoted
covers the complexity of the general case. Section 5by 1], thatis,l = |I] or =l = |I].

determines two subclasses with reduced complexity. = propositional formulawith the connectives, A
Section 6 points out the implication of the presented ,, _,

is defined in the usual way. A formula hasn-
results.

junctive normal form(CNF) if it is a conjunction of
clauseseach of which is a disjunction of literals. We
2. Related Work represent a CNF formula as a set of its clauses and a

The futile question problem has been tackled by dif- clause as a set of its literals. ZCNF formulais a CNF
ferent approaches’ ranging from rule-based Systems td:ormUIa where each clause contains at most two liter-
Bayesian networks. See Russell and Norvig [15] for an @ls. A CNF formula isHorn if each clause contains at
introduction to those techniques. However, these meth-most one positive literal. Let’ be a variable set. A
ods tend to introduce unwanted simplifications. truth assignmentv for V', or shortassignmentor V,

Mneimneh and Sakallah [11] have developed a di- is & function on the set of literalw, —v | v € V'} that
rect solution algorithm for the special problem of com- assigns a truth valu€rue/Falseto each literal so that
puting the vertex eccentricity arising in formal hard- a(v) = —~a(-w). A partial truth assignmentor V' as-
ware verification. The solver takes advantage of the Signs truth values to a subset of litefal —v | v € V'},
specific structure of the instances. A general solver for With V' C V.

QBF has been proposed by Remshagen and Truem- Given the variable sét’ = {v1,vs,...,v,} and an
per [13]. The solver is based on backtracking search. Order (vi,vs, ..., v,) on the variables, an assignment

Although hardly any work on solution algorithms « for V' is lexicographically largerthan an assignment
for the futile questioning problem has been published, 3 for V if there is ak, 1 < k < n, such that for alf =
there has been great interest in quantified Boolean for-1,2; - - ., k, a(vg) = B(vg) holds and(vy+1) = True
mulas where all quantifiers precede a formula in con- and3(vx+1) = False
junctive norm form. This problem, called QBF, isalso A formula is consistenbor satisfiableif there exists
located at higher levels of the polynomial hierarchy. an assignment so that the formula evaluate3rtee.

A variety of approaches to solve QBF have been de-Such an assignment is calledsatisfying solutiorof
Ve|0ped’ like search-based methods (Giunchig”a, Nar-T. If no such assignment eXiStS, the formula is called
rizano, and Tacchella [6]), methods using binary de- inconsistenr unsatisfiable The problem to decide if
cision diagrams (Pan and Vardi [12]), and hybrid ap- & CNF formula is unsatisfiable is call&AT If a par-
proaches (Benedetti [2]), to name only a few. QBF does tial truth assignment of a CNF formulB can be ex-
not allow for inclusion of cost. tended to a satisfying solution, we call the partial as-

Rintanen [14] determines the complexity of plan- SignmentT-consistent Otherwise, the assignment is
ning problems. Even though the natural presentation of Z-inconsistentFor X' = {z1,z,... 2}, we write
the considered problems corresponds to the futile quesVX (respectively3X) instead ofVz1, zo, ..., z, (re-
tioning problem, Rintanen uses a presentation as QBF.SPectivelyJzy, 2, . .., zn).

The complexity of some subclasses of QBF has been An instance of MINSAT is given by a CNF formula
determined. Aspvall, Plass, and Tarjan [1] prove that 7" and, for each variable of 7', by a rational nonnega-
QBF is in P if the all clauses of the Corresponding tive True-costc,.. The MINSAT problem demands that
logic formula have at most two literals. In case of Horn One either determin€k to be unsatisfiable or one pro-
formu|as’ the Comp|exity of QBF is also reduced]L’to duces a Satisfying solutiom whose total cost—that is
as Kleine Bining, Karpinski, and Eigel [8] show. > _2.a(z)=True Cz—1IS Minimum.

The futile questioning problem is related to logic- ~ We study two problems calle®-ALL SAT and
based abduction, discussed by Eiter and Gottlob [5]. Q-MIN UNSATdefined by Truemper [18]. An instance

They list various applications and explore the complex- Of each problem consists of a quintupi, X, Y, R, S5)
ity of logic-based abduction. where Q, X, andY are variable sets an& and .S



are CNF formulas. The formula® and S have com-
mon variable sef). The remaining variable set & is
X, and the remaining variable set §fis Y. Thus,Q
and X andY are disjoint. In addition, an instance of
Q-MIN UNSAT assigns drue-costc, to each variable
z of R, thatisz € Q U X. Q-ALL SAT is the problem
to decide if the quantified formula

VQ(3X R — 3Y S) 1)
is True If the formula evaluates tBalse we call anR-
consistent and-inconsistent truth assignment f@ra
counter example of the instance.

In the case of Q-MIN UNSAT, one also has to de-
cide if Formula (1) evaluates ftrue If the formula is
Falsg then Q-MIN UNSAT demands that one finds an
R-consistent and-inconsistent truth assignment fQr
with the following property. Define thinduced R-cost
of an R-consistent assignment f@rto be the minimum
total cost of a satisfying solution @ that extends the
R-consistent assignment f@p. Then the wanted as-
signment in Q-MIN UNSAT must have minimum in-
ducedR-cost. We call such an assignment a solution.

4. Complexity Results
We show that Q-ALL SAT and Q-MIN UNSAT are at

(Q,X,Y,R,S). Then Formula 2 evaluates fue if
and only if(Q, X, Y, R, S) evaluates tdrue

Remark 1Let R’ andS’ be logic propositional formu-
las with common variable s&). Then there exists an
instance(@, X,Y, R, S) of Q-ALL SAT with the fol-
lowing properties. An assignmentis R’-consistent
and S’-inconsistent if and only if it is a counter exam-
ple of (Q, X, Y, R, S).

Stockmeyer [16] and Warthall [20] show results for
the polynomial hierarchy that prove the following prob-
lem to bell5-complete. An instancéV, W, T') consists
of a propositional logic formuld” with disjoint sets of
variablesV and W. The problem demands to decide
whether

YVIWT ©)

is True We reduce an instan¢&, W, T') to an instance
of Q-ALL SAT as follows. Introduce a new variahle
and setX = {z}. DefineR to be the empty CNF for-
mula, that is,R has no clauses and thus, is a tautology.
Then the quantified formula

3V (3X R AYW —~(=T)) 4)

the second level of the polynomial hierarchy and thus €valuates tarueif and only if the quantified formula

are considered to be very difficult. To prove the com-
plexity, some of the reductions result in propositional
formulas that are not in conjunctive normal form. For
example, consider the formula
VQ(3X'R — 3Y' S 2
where R’ and S’ are logic propositional formulas, but
not CNF formulas. Thus, determining the truth value
of the quantified proposition is not an instance of
Q-ALL SAT. We can remedy the problem as follows.
A well-known transformation of?’ into a CNF for-
mula R with additional variable seX” is as follows.
For each satisfying solution’ of R/, there exists a
unique assignment” for X” so that(o/, o) is a sat-
isfying solution of R. For each solutiorx of R, the
restriction of« to the variables of?’ is a satisfying
assignment of?’. We call R’ and R equivalent The
transformation fromk’ to R is linear in the size of?’.
Analogously, we obtain an equivalent CNF form$la
from S’ with variable sety” = Y’ U Y”. If we set
X = X'"U X", we obtain the Q-ALL SAT instance

YV IwT (5)
evaluates tofrue. Due to Remark 1, we can reduce
(V,W,T) in linear time to Q-ALL SAT. Hence, the
problem Q-ALL SAT isII;-hard.

Theorem 1.Q-ALL SAT is IT5-complete.

Proof. It remains to show that Q-ALL SAT is iil5.
Let (@, X, Y, R, S) be an instance of Q-ALL SAT. We
guess an assignmeantfor () and use a SAT oracle to
verify that « is R-consistent and-inconsistent. Thus
the complement of Q-ALL SAT isZf-complete and
hence Q-ALL SAT islI5-complete.

Often, we are interested in a counter example of
Q-ALL SAT. By solving Q-ALL SAT, we can deter-
mine if a literall, || € @, is set toTrue by a counter
example of a Q-ALL SAT instance: We assiginue
to [ and enforce the assignment i and S. If the
resulting instance of Q-ALL SAT evaluates Ealse




then there exists a counter example of the original in-
stance that setisto True Hence, deciding if there ex-
ists a counter example that sets a literalltae is not
harder than solving Q-ALL SAT. Analogously, we can
determine if all counter examples set a given litéral
Trueby assignindgralseto (. If the resulting instance of
Q-ALL SAT evaluates tdrue, all counter examples of
the original instance sétto True

We discuss the complexity of Q-MIN UNSAT.

Theorem 2.Q-MIN UNSAT is Aj-hard.

Proof. Krentel [10] and Wagner [19] present results
that directly prove the following problem to bag-
complete. An instance of the problem consists of a
propositional formulaZl’ with disjoint variable sets
V = {vl,vg,...,vn} andW = {wl,wQ,...,wk}.

Let « be an assignment fdr, and letT,, be the for-
mula that results from enforcing in 7. We call an
assignmenty for V' T-admissibleif vy T, evaluates

to True A valid instance of the problem has at least one
admissible assignment féf. The problem demands to
decide whether the with respect(tg , vo, . . . , v,,) lexi-
cographically smallest admissible assignmefulfills
a(vy,) = False We reduce an instance of the problem
to Q-MIN UNSAT.

Let z and s be new variables. We set = {xz},

Y = WuU{s}, and s’ (T — s) A —s. Let R

be the empty CNF formula. Then an assignment to
V is R-consistent ands’-inconsistent if and only if

it is T-admissible. Observe th&’ is not in conjunc-
tive normal form. Due to Remark 1, we can transform
S’ into an equivalent CNF formul& with additional
variable setl’. If we setQQ = V U V’/, then we ob-
tain a T-admissible assignment td from every R-
consistent and-inconsistent assignment @. Every
T-admissible assignment 6 can be extended to an
R-consistent and-inconsistent assignment €.

In order to obtain the lexicographically smallest
admissible assignment, we assifrue-costs to the
variables ofR. Fori = 1,2,...,n, we set theTrue
cost ofv; to 27~%. All other variables havdrue-cost
0. Then the unique solution of the resulting instance
(Q,X,Y, R, S) of Q-MIN UNSAT corresponds to the
lexicographically smallest admissible assignment for
V. The valuea(v,) of the minimum cost solution
solves theAs-complete problem.

5. Easier Subproblems

We have shown that Q-ALL SAT are Q-MIN UNSAT
are a very hard problems in general. However, there
are several subproblems whose complexity is reduced
by one or even two levels in the polynomial hierarchy.
We investigate two subproblems of Q-ALL SAT and
Q-MIN UNSAT.

5.1 Horn Formulas

It is well known that the complexity of SAT is reduced
by one level of the polynomial hierarchy in the case of
Horn formulas. For example, Dowling and Gallier [4]
describe a polynomial-time solution algorithm. The
complexity of Q-ALL SAT is also reduced by one level
if all CNF formulas are Horn formulas. We call the sub-
problem of Q-ALL SAT (respectively Q-MIN UNSAT)
where the CNF formula® and .S are Horn formulas
Horn Q-ALL SAT(respectivelyHorn Q-MIN UNSAY.

Theorem 3.Horn Q-ALL SAT is co\V’P-complete.

Proof. We show that the complement of Horn
Q-ALL SAT is N'P-complete. In order to show con-
tainment inNP, we guess an assignment fgr Since
R and S are Horn formulas, we can verify in polyno-
mial time whether the assignmentfisconsistent and
S-inconsistent.

In order to prove completeness, we reduce an in-
stance of theNV'P-complete satisfiability problem to
an instance of the complement of Horn Q-ALL SAT.
Let T be an instance of the satisfiability problem
with clausesTi,Ts,...,T,, and variable set”

{v1,v2,...,v,}. We introduce the new variable sets
Vo= {ul,vh, . 0, G = {91,992, -, 9}, and
Z={z1,22,...,2m}. SetQ =VUV' X =GUZ,
Y=GUZ, and

R={-wvVv—|li=1,...,n} (6)
S = {vi—g,v—gli=1,...,n} U (7

{Ui —>Zk’7)i ETk} U{'U; — zk]ﬁvi S Tk}(g)
{~1 V- Vog,Voz V- Vozp b 9)

Each solutiorx of 7' can be extended to dRrconsistent
and S-inconsistent assignment @j by settingv, to
Trueif and only if a(v;) = False EachR-consistent
andS-inconsistent assignmeatof ¢) becomes a solu-
tion of T' if we restrict the assignmentto the variable
setV.



In case of nonnegative costs, MINSAT for Horn Remark 2A 2CNF formulaT is unsatisfiable if and
formulas is inP like the corresponding SAT problem. onlyif a literal and its negation are in the same strongly-
But Horn Q-MIN UNSAT is still Af-hard. connected component.

Theorem 4.Horn Q-MIN UNSAT is AS-hard. Using the definition of the graptrr, it is easy to
verify the following property for a satisfying solution

Proof. We use the following problem that has been of T'.

shown to beA5-complete by Kadin [7] and Krentel [9].

Let T be a satisfiable CNF formula with the clauses Remark 3Let 7" be a 2CNF formula. An assignment

Ty, Ty,...,T, and variable seV = {vy,va,...,v,}. a of the variables off’ is a solution ofT" if and only
The problem demands to decide whether the with re-if for any two literalsu andv with «(u) = True and
spectto(vy, ve, ..., v, ) lexicographically smallest sat- «(v) = False there is no path from to v in 7.

isfying assignment of 7" fulfills «(v,) = False

We use the same construction as in the proof of The-
orem 3 to obtain an instand€), X,Y, R, S) of Horn Lemma et T be a satisfiable CNF formula, and tet
Q-ALL SAT. In order to determine the lexicograph- be a partial assignment for a sub%ebf the variables
ically smallest solution ofl’, we assign alrue-cost of T. The assignment is T-inconsistent if and only if
of 2"~ to each variabley;. All other variables ofR there exists a path from a literalto a literalv in G
receive True-cost 0. We obtain the lexicographically with |u|, |v| € V, a(u) = Trueanda(v) = False
smallest solution of the originahi-complete problem
from the solution of the resulting Q-MIN UNSAT in-  Proof. Let 7" be a 2CNF formula. Due to Remark 3,

stance. a partial assignment with a(u) = Trueanda(v) =
Falsefor two literal u, v that are connected by a path

5.2 2CNF Formulas from v to v in G cannot be extended to a satisfying
solution ofT".

Cook [3] has constructed a polynomial-time algorithm
to solve SAT for 2CNF formulas. Aspvall, Plass, and
Tarjan [1] show that even a quantified Boolean formula
where all quantifiers are a prefix of a 2CNF formula
can be evaluated in polynomial time. One can use an
analogous construction to show that Q-ALL SAT is in
P in case of 2CNF formulas. We call the subclass of
Q-ALL SAT (respectively Q-MIN UNSAT) where the
formulas R and S of an instancg@, X,Y, R, S) are
2CNF formula2CNF Q-ALL SATrespective\2CNF
Q-MIN UNSAT.

Assume thaty is an assignment for the subdétof
the variable set of” wherea(u) = Falseor a(v) =
Trueif there is a path fromu to v in Gp. We show that
a can be extended to a satisfying assignme&nof 7
as follows. For all literala: that can be reached by a
path from a literab with a(v) = Trug, we set/(u) to
Trueanda/(—u) to False Assume that/’ is not a well-
defined assignment. Theri assignslrueto a literalu
and to its negation. Then there are two not necessarily
distinct literalsv, v’ that are set tdrueby «, and there
is a path inG'7 from v to w and a path from’ to —u. By
definition of G, the path fromy to u has a counterpart,
that is a path from~u to —v. But then there exists a path
from v’ to —w, anda setsv’ to True and —wv to False
This is a contradiction to the propertiesaafTherefore,
the extensiom’ of « is a well-defined assignment.

Observe that for any remaining literalthat has not
yet been set to a truth value by, the following holds.
There is no path from to a literal set tdralseand no
path from a literal that is set tbrueto u. We remove
all nodes inG that are set to a truth value ly. Since
T is satisfiable, no two verticesandv are in the same

Definition 1. Let 7" be a 2CNF formula. Then the
graphGr = (Vp, Er) is the directed graph with
verticesVr = {u|uis aliteral inT'} and with edges
Er = {(u,v)|—-uVvwvisaclause of } U {(—u,u)|u

is a clause of '}.

In the following we use the term literal ¢f and
vertex of G interchangeably. Aspvall, Plass, and Tar-
jan [1] prove the following necessary and sufficient cri-
teria of satisfiability of 2CNF formulas.



strongly-connected component. The same holds for the6. Conclusion

reduced graph. Thus, the reduced graph represents §ne fytile questioning problem, including Q-ALL SAT
satisfiable 2CNF formula, and’ can be extended to 4,4 Q-MIN UNSAT, is a natural formulation for a va-

a satisfying solution of . riety of applications in artificial intelligence. We have
shown that the problem is at the second level at the
Theorem 5.2CNF Q-ALL SAT is inP. polynomial hierarchy. A common solution approach

has been to reduce the problem to a simpler one. But a
simplification can lead to inaccurate results which are

undesirable or even unacceptable, like in medical diag-
nosis.

In spite of the difficulty of problems at the second
or even higher levels, such a problem, called QBF, is
currently studied and first solution algorithms are be-
ing developed. Special cases of QBF, like 2CNF and
Horm formulas, are both reduced . Hence, these
subclasses do not seem to be of great practical interest.
The question arises whether QBF is a good representa-
tion for the futile questioning problem.

We have demonstrated that 2CNF Q-ALL SAT is in
‘P. However, in the case of Horn formulas the futile
guestioning problem is reduced by on level at the poly-
nomial hierarchy. That is, it is still at the first level.
The structure of the Horn formulas would be lost by
a transformation to QBF. We suggest that Q-ALL SAT
and Q-MIN UNSAT is a more suitable problem formu-
lation for the development of effective solution algo-
rithm.

Proof. We describe a polynomial-time solution algo-
rithm for instances@, X,Y, R, S). We first check for
satisfiability of R. If R is unsatisfiable(@, X,Y, R, .5)
evaluates tdrue Otherwise, we check for satisfiability
of S. If S'is unsatisfiable(Q, X, Y, R, S) evaluates to
False Otherwise, if bothR and S are satisfiable, we
consider each pair of literalg, v with |ul,|v| € Q.
If there is a path fromu to v in Gg, but not inGg,
(Q,X,Y, R, S) evaluates td-alse If no such pair ex-
ists, (@, X, Y, R, S) evaluates tdrue

Obviously, if R or S is unsatisfiable, the algorithm
terminates with the correct result. Assume there is pair
of literalsu, v with |ul, |v| € @, and there is a path from
utowvin Gg, but notinGg. Then we can determine an
R-consistent andb-inconsistent assignment as fol-
lows. We set; to Trueandv to False By Lemma 1, the
assignment can be extended to a solutioRdfet « be
the assignment that results by restricting the solution to
the variable sef). By Lemma 1, we also know thatis
S-inconsistent. Thus, the algorithm terminates with the
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