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Abstract Instances of the futile questioning problem
abound in applications, especially, in the area of arti-
ficial intelligence. The problem can be represented by
a particular quantified Boolean formula. A variation of
the problem includes also costs for the logic variables.
Typically, the problem is simplified instead of solved
directly, which may lead to inaccurate results. Alterna-
tively, the problem can be transformed to a standard
format. We investigate the complexity of the futile ques-
tioning problem and two subclasses. Based on the com-
plexity result, we argue that a transformation to the
standard format is not suitable for practical purposes.

Keywords: Futile questioning, quantified Boolean for-
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tation.

1. Introduction

Many intelligent systems interactively acquire informa-
tion from the user and make decisions based on the ac-
quired data. Such systems pose questions that are an-
swered by the user. For example, a diagnostic system
may query the user to establish a diagnostic goal that
the system has selected based on a preliminary analy-
sis. If the goal happens to be unprovable regardless of
the answers supplied by the user, then that goal is futile
and should be abandoned. If an algorithm can decide
whether that situation is at hand, then fruitless lines of
questioning can be cut short. In some systems, a cost
may be explicitly or implicitly associated with the ac-
quisition of answers.

In artificial intelligence, the futile questioning prob-
lem models a variety of applications, like regulatory
compliance and planning. An example for regulatory
compliance is the system for management of hazardous
materials described by Straach and Truemper [17]. The
answers to questions determine the setting or situation
to be managed. We want to decide if a certain action
can be done without violating the regulations. In this

case, futility means that no violation can be proved. In
the case of planning problems, a question corresponds
to a goal. One wants to determine whether there exists
a plan or strategy that—no matter which unknown con-
ditions exist—leads to the goal.

Such problems can be modeled as follows. A knowl-
edge base is given as two theoriesR andS of propo-
sitional logic. TheoryR establishes valid relationships
among the questions, which are represented by a vari-
able setQ. TheoryS models the knowledge domain
and includes the negation of the goal or decision to
be established. Thus, unsatisfiability ofS establishes
that goal or decision. The theoriesR andS share the
variable setQ. We want to find answers to the ques-
tions, given as a truth assignment for the variables of
Q, which are consistent withR but not withS. We re-
fer to this problem as Q-ALL SAT. We also encounter
the problem where a cost is associated with the truth
assignment to each variable inR, and where answers
inducing minimum total cost are searched for. We call
this problem Q-MIN UNSAT.

Although instances of the futile questioning prob-
lem abound, the problem is typically not tackled di-
rectly. Instead, the problem is reduced to a simpler one,
and then the simplified problem is solved. Why does
the futile questioning problem seem to defy a direct
solution? In this paper, we investigate the complexity
of the futile questioning problem. Both Q-ALL SAT
and Q-MIN UNSAT are at the second level of the
polynomial hierarchy, and thus, very hard. Note that
Q-ALL SAT is a quantified Boolean formula that can
be transformed into a standard format, calledQBF.
QBF is also located at the second and even higher levels
of the polynomial hierarchy. Recent interest in QBF has
resulted in several solution approaches. However for
practical applications, a representation of Q-ALL SAT
as a QBF formula is not suitable for the following rea-
son: We have analyzed the complexity of subclasses
and show that the complexity of those subclasses is re-



duced by at least one level. A reduction to QBF will
disguise the structure of the easier subclasses.

The next section outlines related work. Section 3
defines Q-ALL SAT and Q-MIN UNSAT. Section 4
covers the complexity of the general case. Section 5
determines two subclasses with reduced complexity.
Section 6 points out the implication of the presented
results.

2. Related Work

The futile question problem has been tackled by dif-
ferent approaches, ranging from rule-based systems to
Bayesian networks. See Russell and Norvig [15] for an
introduction to those techniques. However, these meth-
ods tend to introduce unwanted simplifications.

Mneimneh and Sakallah [11] have developed a di-
rect solution algorithm for the special problem of com-
puting the vertex eccentricity arising in formal hard-
ware verification. The solver takes advantage of the
specific structure of the instances. A general solver for
QBF has been proposed by Remshagen and Truem-
per [13]. The solver is based on backtracking search.

Although hardly any work on solution algorithms
for the futile questioning problem has been published,
there has been great interest in quantified Boolean for-
mulas where all quantifiers precede a formula in con-
junctive norm form. This problem, called QBF, is also
located at higher levels of the polynomial hierarchy.
A variety of approaches to solve QBF have been de-
veloped, like search-based methods (Giunchiglia, Nar-
rizano, and Tacchella [6]), methods using binary de-
cision diagrams (Pan and Vardi [12]), and hybrid ap-
proaches (Benedetti [2]), to name only a few. QBF does
not allow for inclusion of cost.

Rintanen [14] determines the complexity of plan-
ning problems. Even though the natural presentation of
the considered problems corresponds to the futile ques-
tioning problem, Rintanen uses a presentation as QBF.

The complexity of some subclasses of QBF has been
determined. Aspvall, Plass, and Tarjan [1] prove that
QBF is in P if the all clauses of the corresponding
logic formula have at most two literals. In case of Horn
formulas, the complexity of QBF is also reduced toP,
as Kleine B̈uning, Karpinski, and Flögel [8] show.

The futile questioning problem is related to logic-
based abduction, discussed by Eiter and Gottlob [5].
They list various applications and explore the complex-
ity of logic-based abduction.

3. Q-ALL SAT and Q-MIN UNSAT

Define a literal to be a variable or a negated variable. A
literal is positiveif it is a variable andnegativeif it is
a negated variable. The variable of a literall is denoted
by |l|, that is,l = |l| or¬l = |l|.

A propositional formulawith the connectives¬, ∧,
∨,→ is defined in the usual way. A formula hascon-
junctive normal form(CNF) if it is a conjunction of
clauseseach of which is a disjunction of literals. We
represent a CNF formula as a set of its clauses and a
clause as a set of its literals. A2CNF formulais a CNF
formula where each clause contains at most two liter-
als. A CNF formula isHorn if each clause contains at
most one positive literal. LetV be a variable set. A
truth assignmentα for V , or shortassignmentfor V ,
is a function on the set of literals{v,¬v | v ∈ V } that
assigns a truth valueTrue/Falseto each literal so that
α(v) = ¬α(¬v). A partial truth assignmentfor V as-
signs truth values to a subset of literal{v,¬v | v ∈ V ′},
with V ′ ⊆ V .

Given the variable setV = {v1, v2, . . . , vn} and an
order(v1, v2, . . . , vn) on the variables, an assignment
α for V is lexicographically largerthan an assignment
β for V if there is ak, 1 ≤ k < n, such that for alli =
1, 2, . . . , k, α(vk) = β(vk) holds andα(vk+1) = True
andβ(vk+1) = False.

A formula is consistentor satisfiableif there exists
an assignment so that the formula evaluates toTrue.
Such an assignment is called asatisfying solutionof
T . If no such assignment exists, the formula is called
inconsistentor unsatisfiable. The problem to decide if
a CNF formula is unsatisfiable is calledSAT. If a par-
tial truth assignment of a CNF formulaT can be ex-
tended to a satisfying solution, we call the partial as-
signmentT -consistent. Otherwise, the assignment is
T -inconsistent. For X = {x1, x2, . . . , xn}, we write
∀X (respectively∃X) instead of∀x1, x2, . . . , xn (re-
spectively∃x1, x2, . . . , xn).

An instance of MINSAT is given by a CNF formula
T and, for each variablex of T , by a rational nonnega-
tive True-costcx. The MINSAT problem demands that
one either determinesT to be unsatisfiable or one pro-
duces a satisfying solutionα whose total cost—that is∑

x,α(x)=Truecx—is minimum.
We study two problems calledQ-ALL SAT and

Q-MIN UNSATdefined by Truemper [18]. An instance
of each problem consists of a quintuple(Q,X, Y,R, S)
whereQ, X, and Y are variable sets andR and S



are CNF formulas. The formulasR andS have com-
mon variable setQ. The remaining variable set ofR is
X, and the remaining variable set ofS is Y . Thus,Q
andX andY are disjoint. In addition, an instance of
Q-MIN UNSAT assigns aTrue-costcx to each variable
x of R, that isx ∈ Q ∪X. Q-ALL SAT is the problem
to decide if the quantified formula

∀Q (∃X R→ ∃Y S) (1)

is True. If the formula evaluates toFalse, we call anR-
consistent andS-inconsistent truth assignment forQ a
counter example of the instance.

In the case of Q-MIN UNSAT, one also has to de-
cide if Formula (1) evaluates toTrue. If the formula is
False, then Q-MIN UNSAT demands that one finds an
R-consistent andS-inconsistent truth assignment forQ
with the following property. Define theinduced R-cost
of anR-consistent assignment forQ to be the minimum
total cost of a satisfying solution ofR that extends the
R-consistent assignment forQ. Then the wanted as-
signment in Q-MIN UNSAT must have minimum in-
ducedR-cost. We call such an assignment a solution.

4. Complexity Results

We show that Q-ALL SAT and Q-MIN UNSAT are at
the second level of the polynomial hierarchy and thus
are considered to be very difficult. To prove the com-
plexity, some of the reductions result in propositional
formulas that are not in conjunctive normal form. For
example, consider the formula

∀Q (∃X ′R′ → ∃Y ′ S′) (2)

whereR′ andS′ are logic propositional formulas, but
not CNF formulas. Thus, determining the truth value
of the quantified proposition is not an instance of
Q-ALL SAT. We can remedy the problem as follows.
A well-known transformation ofR′ into a CNF for-
mulaR with additional variable setX ′′ is as follows.
For each satisfying solutionα′ of R′, there exists a
unique assignmentα′′ for X ′′ so that(α′, α′′) is a sat-
isfying solution ofR. For each solutionα of R, the
restriction ofα to the variables ofR′ is a satisfying
assignment ofR′. We callR′ andR equivalent. The
transformation fromR′ toR is linear in the size ofR′.
Analogously, we obtain an equivalent CNF formulaS
from S′ with variable setY = Y ′ ∪ Y ′′. If we set
X = X ′ ∪ X ′′, we obtain the Q-ALL SAT instance

(Q,X, Y,R, S). Then Formula 2 evaluates toTrue if
and only if(Q,X, Y,R, S) evaluates toTrue.

Remark 1.LetR′ andS′ be logic propositional formu-
las with common variable setQ. Then there exists an
instance(Q,X, Y,R, S) of Q-ALL SAT with the fol-
lowing properties. An assignment toQ isR′-consistent
andS′-inconsistent if and only if it is a counter exam-
ple of (Q,X, Y,R, S).

Stockmeyer [16] and Warthall [20] show results for
the polynomial hierarchy that prove the following prob-
lem to beΠP

2-complete. An instance(V,W, T ) consists
of a propositional logic formulaT with disjoint sets of
variablesV andW . The problem demands to decide
whether

∀V ∃WT (3)

is True. We reduce an instance(V,W, T ) to an instance
of Q-ALL SAT as follows. Introduce a new variablex,
and setX = {x}. DefineR to be the empty CNF for-
mula, that is,R has no clauses and thus, is a tautology.
Then the quantified formula

∃V (∃X R ∧ ∀W ¬(¬T )) (4)

evaluates toTrue if and only if the quantified formula

∀V ∃W T (5)

evaluates toTrue. Due to Remark 1, we can reduce
(V,W, T ) in linear time to Q-ALL SAT. Hence, the
problem Q-ALL SAT isΠP

2-hard.

Theorem 1.Q-ALL SAT is ΠP
2-complete.

Proof. It remains to show that Q-ALL SAT is inΠP
2.

Let (Q,X, Y,R, S) be an instance of Q-ALL SAT. We
guess an assignmentα for Q and use a SAT oracle to
verify thatα is R-consistent andS-inconsistent. Thus
the complement of Q-ALL SAT isΣP

2-complete and
hence Q-ALL SAT isΠP

2-complete.

Often, we are interested in a counter example of
Q-ALL SAT. By solving Q-ALL SAT, we can deter-
mine if a literall, |l| ∈ Q, is set toTrue by a counter
example of a Q-ALL SAT instance: We assignTrue
to l and enforce the assignment inR and S. If the
resulting instance of Q-ALL SAT evaluates toFalse,



then there exists a counter example of the original in-
stance that setsl to True. Hence, deciding if there ex-
ists a counter example that sets a literal toTrue is not
harder than solving Q-ALL SAT. Analogously, we can
determine if all counter examples set a given literall to
Trueby assigningFalseto l. If the resulting instance of
Q-ALL SAT evaluates toTrue, all counter examples of
the original instance setl to True.

We discuss the complexity of Q-MIN UNSAT.

Theorem 2.Q-MIN UNSAT is ∆P
3-hard.

Proof. Krentel [10] and Wagner [19] present results
that directly prove the following problem to be∆P

3-
complete. An instance of the problem consists of a
propositional formulaT with disjoint variable sets
V = {v1, v2, . . . , vn} andW = {w1, w2, . . . , wk}.
Let α be an assignment forV , and letTα be the for-
mula that results from enforcingα in T . We call an
assignmentα for V T -admissibleif ∀W Tα evaluates
to True. A valid instance of the problem has at least one
admissible assignment forV . The problem demands to
decide whether the with respect to(v1, v2, . . . , vn) lexi-
cographically smallest admissible assignmentα fulfills
α(vn) = False. We reduce an instance of the problem
to Q-MIN UNSAT.

Let x and s be new variables. We setX = {x},
Y = W ∪ {s}, andS′ = (T → s) ∧ ¬s. Let R
be the empty CNF formula. Then an assignment to
V is R-consistent andS′-inconsistent if and only if
it is T -admissible. Observe thatS′ is not in conjunc-
tive normal form. Due to Remark 1, we can transform
S′ into an equivalent CNF formulaS with additional
variable setV ′. If we setQ = V ∪ V ′, then we ob-
tain a T -admissible assignment toV from everyR-
consistent andS-inconsistent assignment toQ. Every
T -admissible assignment toV can be extended to an
R-consistent andS-inconsistent assignment toQ.

In order to obtain the lexicographically smallest
admissible assignment, we assignTrue-costs to the
variables ofR. For i = 1, 2, . . . , n, we set theTrue-
cost ofvi to 2n−i. All other variables haveTrue-cost
0. Then the unique solution of the resulting instance
(Q,X, Y,R, S) of Q-MIN UNSAT corresponds to the
lexicographically smallest admissible assignment for
V . The valueα(vn) of the minimum cost solution
solves the∆P

3-complete problem.

5. Easier Subproblems

We have shown that Q-ALL SAT are Q-MIN UNSAT
are a very hard problems in general. However, there
are several subproblems whose complexity is reduced
by one or even two levels in the polynomial hierarchy.
We investigate two subproblems of Q-ALL SAT and
Q-MIN UNSAT.

5.1 Horn Formulas

It is well known that the complexity of SAT is reduced
by one level of the polynomial hierarchy in the case of
Horn formulas. For example, Dowling and Gallier [4]
describe a polynomial-time solution algorithm. The
complexity of Q-ALL SAT is also reduced by one level
if all CNF formulas are Horn formulas. We call the sub-
problem of Q-ALL SAT (respectively Q-MIN UNSAT)
where the CNF formulasR andS are Horn formulas
Horn Q-ALL SAT(respectivelyHorn Q-MIN UNSAT).

Theorem 3.Horn Q-ALL SAT is coNP-complete.

Proof. We show that the complement of Horn
Q-ALL SAT is NP-complete. In order to show con-
tainment inNP, we guess an assignment forQ. Since
R andS are Horn formulas, we can verify in polyno-
mial time whether the assignment isR-consistent and
S-inconsistent.

In order to prove completeness, we reduce an in-
stance of theNP-complete satisfiability problem to
an instance of the complement of Horn Q-ALL SAT.
Let T be an instance of the satisfiability problem
with clausesT1, T2, . . . , Tm and variable setV =
{v1, v2, . . . , vn}. We introduce the new variable sets
V ′ = {v′1, v′2, . . . , v′n}, G = {g1, g2, . . . , gn}, and
Z = {z1, z2, . . . , zm}. SetQ = V ∪ V ′, X = G ∪ Z,
Y = G ∪ Z, and

R = {¬vi ∨ ¬v′i | i = 1, . . . , n} (6)

S = {vi → gi, v
′
i → gi | i = 1, . . . , n} ∪ (7)

{vi → zk | vi ∈ Tk} ∪ {v′i → zk | ¬vi ∈ Tk} ∪(8)

{¬g1 ∨ · · · ∨ ¬gn ∨ ¬z1 ∨ · · · ∨ ¬zm} (9)

Each solutionα of T can be extended to anR-consistent
and S-inconsistent assignment ofQ by settingv′i to
True if and only if α(vi) = False. EachR-consistent
andS-inconsistent assignmentα of Q becomes a solu-
tion of T if we restrict the assignmentα to the variable
setV .



In case of nonnegative costs, MINSAT for Horn
formulas is inP like the corresponding SAT problem.
But Horn Q-MIN UNSAT is still∆P

2-hard.

Theorem 4.Horn Q-MIN UNSAT is∆P
2-hard.

Proof. We use the following problem that has been
shown to be∆P

2-complete by Kadin [7] and Krentel [9].
Let T be a satisfiable CNF formula with the clauses
T1, T2, . . . , Tm and variable setV = {v1, v2, . . . , vn}.
The problem demands to decide whether the with re-
spect to(v1, v2, . . . , vn) lexicographically smallest sat-
isfying assignmentα of T fulfills α(vn) = False.

We use the same construction as in the proof of The-
orem 3 to obtain an instance(Q,X, Y,R, S) of Horn
Q-ALL SAT. In order to determine the lexicograph-
ically smallest solution ofT , we assign aTrue-cost
of 2n−i to each variablevi. All other variables ofR
receiveTrue-cost 0. We obtain the lexicographically
smallest solution of the original∆P

2-complete problem
from the solution of the resulting Q-MIN UNSAT in-
stance.

5.2 2CNF Formulas

Cook [3] has constructed a polynomial-time algorithm
to solve SAT for 2CNF formulas. Aspvall, Plass, and
Tarjan [1] show that even a quantified Boolean formula
where all quantifiers are a prefix of a 2CNF formula
can be evaluated in polynomial time. One can use an
analogous construction to show that Q-ALL SAT is in
P in case of 2CNF formulas. We call the subclass of
Q-ALL SAT (respectively Q-MIN UNSAT) where the
formulasR andS of an instance(Q,X, Y,R, S) are
2CNF formulas2CNF Q-ALL SAT(respectively2CNF
Q-MIN UNSAT).

Definition 1. Let T be a 2CNF formula. Then the
graphGT = (VT , ET ) is the directed graph with
verticesVT = {u |u is a literal inT} and with edges
ET = {(u, v) | ¬u ∨ v is a clause ofT} ∪ {(¬u, u) |u
is a clause ofT}.

In the following we use the term literal ofT and
vertex ofGT interchangeably. Aspvall, Plass, and Tar-
jan [1] prove the following necessary and sufficient cri-
teria of satisfiability of 2CNF formulas.

Remark 2.A 2CNF formulaT is unsatisfiable if and
only if a literal and its negation are in the same strongly-
connected component.

Using the definition of the graphGT , it is easy to
verify the following property for a satisfying solution
of T .

Remark 3.Let T be a 2CNF formula. An assignment
α of the variables ofT is a solution ofT if and only
if for any two literalsu andv with α(u) = True and
α(v) = False, there is no path fromu to v in T .

Lemma 1Let T be a satisfiable CNF formula, and letα
be a partial assignment for a subsetV of the variables
of T . The assignmentα is T -inconsistent if and only if
there exists a path from a literalu to a literalv in GT
with |u|, |v| ∈ V , α(u) = Trueandα(v) = False.

Proof. Let T be a 2CNF formula. Due to Remark 3,
a partial assignmentα with α(u) = Trueandα(v) =
False for two literal u, v that are connected by a path
from u to v in GT cannot be extended to a satisfying
solution ofT .

Assume thatα is an assignment for the subsetV of
the variable set ofT whereα(u) = Falseor α(v) =
True if there is a path fromu to v in GT . We show that
α can be extended to a satisfying assignmentα′ of T
as follows. For all literalsu that can be reached by a
path from a literalv with α(v) = True, we setα′(u) to
Trueandα′(¬u) to False. Assume thatα′ is not a well-
defined assignment. Thenα′ assignsTrue to a literalu
and to its negation. Then there are two not necessarily
distinct literalsv, v′ that are set toTruebyα, and there
is a path inGT from v tou and a path fromv′ to¬u. By
definition ofGT , the path fromv tou has a counterpart,
that is a path from¬u to¬v. But then there exists a path
from v′ to ¬v, andα setsv′ to True and¬v to False.
This is a contradiction to the properties ofα. Therefore,
the extensionα′ of α is a well-defined assignment.

Observe that for any remaining literalu that has not
yet been set to a truth value byα′, the following holds.
There is no path fromu to a literal set toFalseand no
path from a literal that is set toTrue to u. We remove
all nodes inGT that are set to a truth value byα′. Since
T is satisfiable, no two verticesu andv are in the same



strongly-connected component. The same holds for the
reduced graph. Thus, the reduced graph represents a
satisfiable 2CNF formula, andα′ can be extended to
a satisfying solution ofT .

Theorem 5.2CNF Q-ALL SAT is inP.

Proof. We describe a polynomial-time solution algo-
rithm for instances(Q,X, Y,R, S). We first check for
satisfiability ofR. If R is unsatisfiable,(Q,X, Y,R, S)
evaluates toTrue. Otherwise, we check for satisfiability
of S. If S is unsatisfiable,(Q,X, Y,R, S) evaluates to
False. Otherwise, if bothR andS are satisfiable, we
consider each pair of literalsu, v with |u|, |v| ∈ Q.
If there is a path fromu to v in GS , but not inGR,
(Q,X, Y,R, S) evaluates toFalse. If no such pair ex-
ists,(Q,X, Y,R, S) evaluates toTrue.

Obviously, ifR or S is unsatisfiable, the algorithm
terminates with the correct result. Assume there is pair
of literalsu, v with |u|, |v| ∈ Q, and there is a path from
u to v in GS , but not inGR. Then we can determine an
R-consistent andS-inconsistent assignmentα as fol-
lows. We setu to Trueandv to False. By Lemma 1, the
assignment can be extended to a solution ofR. Letα be
the assignment that results by restricting the solution to
the variable setQ. By Lemma 1, we also know thatα is
S-inconsistent. Thus, the algorithm terminates with the
correct result in this case as well. We still need to show
that the algorithm determines that(Q,X, Y,R, S) eval-
uates toFalse, if there exists a counter example and if
R andS are satisfiable. Thus, assume there exists a
counter exampleα of the Q-ALL SAT instance. Since
α is S-inconsistent and due to Lemma 1, there are two
literalsu, v, with |u|, |v| ∈ Q, such thatGS contains a
path fromu to v andα(u) = Trueandα(v) = False.
Asα isR-consistent, no such path exists inGR. Hence,
the algorithm determines the correct result.

Although SAT and Q-ALL SAT for 2CNF formu-
las are inP, MINSAT restricted to 2CNF formulas
is known to beNP-hard. It is easy to see that MIN-
SAT for 2CNF can be reduced to an instance of 2CNF
Q-ALL SAT, Thus, 2CNF Q-MIN UNSAT is at least as
hard as MINSAT.

Theorem 6.2CNF Q-MIN UNSAT isNP-hard.

6. Conclusion

The futile questioning problem, including Q-ALL SAT
and Q-MIN UNSAT, is a natural formulation for a va-
riety of applications in artificial intelligence. We have
shown that the problem is at the second level at the
polynomial hierarchy. A common solution approach
has been to reduce the problem to a simpler one. But a
simplification can lead to inaccurate results which are
undesirable or even unacceptable, like in medical diag-
nosis.

In spite of the difficulty of problems at the second
or even higher levels, such a problem, called QBF, is
currently studied and first solution algorithms are be-
ing developed. Special cases of QBF, like 2CNF and
Horm formulas, are both reduced toP. Hence, these
subclasses do not seem to be of great practical interest.
The question arises whether QBF is a good representa-
tion for the futile questioning problem.

We have demonstrated that 2CNF Q-ALL SAT is in
P. However, in the case of Horn formulas the futile
questioning problem is reduced by on level at the poly-
nomial hierarchy. That is, it is still at the first level.
The structure of the Horn formulas would be lost by
a transformation to QBF. We suggest that Q-ALL SAT
and Q-MIN UNSAT is a more suitable problem formu-
lation for the development of effective solution algo-
rithm.
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