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Combinatorial geometry is the study of combinatorial properties of fundamental geomet-
ric objects, whose origins go back to antiquity. It has come into maturity in the last century
through the seminal works of O. Helly, K. Borsuk, P. Erdos, H. Hadwidger, L. Fejes T6th,
B. Griibaum and many other excellent mathematicians who initiated new combinatorial ap-
proaches to classical questions studied by Newton, Gauss, Minkowski, and Hilbert, as well
as new areas of investigation. The textbooks by Matousek [45] and, Pach and Agarwal [48]
provide an overview of the topics and methods.

1 Coloring metric spaces

Combinatorial geometry is the study of combinatorial properties of fundamental geomet-
ric objects, whose origins go back to antiquity. It has come into maturity in the last century
through the seminal works of O. Helly, K. Borsuk, P. Erd6s, H. Hadwidger, L. Fejes Téth,
B. Griibaum and many other excellent mathematicians who initiated new combinatorial ap-
proaches to classical questions studied by Newton, Gauss, Minkowski, and Hilbert, as well
as new areas of investigation. The textbooks by Matousek [45] and, Pach and Agarwal [48]
provide an overview of the topics and methods.

Background. A fundamental approach to studying the combinatorial structure of a
metric space is: If we partition a space into a small number of parts (i.e., color its points), at
least one of these parts must contain certain “unavoidable” point configurations. In the most
basic case, the configuration consists of a pair of points at a given distance (which can usually
be scaled to one). The first such question, known as the Hadwiger—Nelson problem, was:
What is the minimum number of colors needed for coloring the plane so that no two points
at unit distance receive the same color? The answer is known to be between 4 and 7, with no
improvement in the last 50 years. The same question can be asked for any metric space in
high dimensions. This has turned out be a challenging problem with very little progress made
on it. See Pach [47] for a short survey. We consider /,-spaces and investigate x (R}, 1), i.e.,
the chromatic number of the unit distance graph on R"™ under the £,-norm. Almost nothing is
known about these chromatic numbers, with the best results for the Euclidean space (p=2),
(1.240(1))" < x(R5,1) < (3+0(1))™. The lower bound was given by Frankl and Wilson [19],
and the upper bound by Larman and Rogers [42] in 1981 and 1972, respectively. Other than
this, only weak bounds on x(R3, 1) are known. The subgraph induced by rational points has
also been investigated in small dimensions: x(Q3%,1) = 2 (Woodall [59]), x(Q3,1) = 2 and
x(Q3,1) = 4 (Benda and Perles [8]) are the main results. Morayne [46] used Fermat’s Last
Theorem to observe that x(Q2,1) = 2 for p > 3.

Results. In [21, 22, 32], Fiiredi and I investigate (R}, 1) for general p > 1, by studying
certain fundamental geometric ideas, namely, partitions of R™, sphere packing in R", and
covering of R™ by translates of a convex body, which respectively led to the upper bounds,

p/(27n)(5(ep) /)™ (for all n), 9™ (for all n), and ¢(nInn)5™ (for large n). The third upper
bound requires a covering with special characteristics, described in the following section. We
use an intersection inequality of Frankl and Wilson [19] to construct a finite subgraph of



(RZ, 1) with small independence number and, consequently, large chromatic number, which
gives a lower bound of (1.139)" for all p.

Future work. To improve the upper bounds, the first step could be to combine the
packing and covering arguments used in [32] and [22]. A fundamental improvement might
depend on a better understanding of the coloring of the (n — 1)-dimensional sphere of radius
a as a subgraph of R". Except for a lower bound of n by Lovész (see [47]) and some bounds
for small dimensions, almost nothing is known; we plan to further investigate the problem.

The exponential lower bound follows from an application of the Frankl-Wilson Inequality
to a carefully defined subset of {0,1}" under scaling. We try to improve the lower bound,
possibly by considering a bigger subspace like {—1,0,1}".

2 Covering Euclidean n-space

Roughly speaking, the density of a covering of R™ is the average number of bodies needed
to cover a given unit space. The density of a cover measures how good the cover is. We seek
to minimize the density of a collection C of convex bodies that covers R™.

Rogers [49] proved that, for a given closed convex body C' in the n-dimensional Euclidean
space, where n > 3, there is a covering for R™ by translates of C' with density O(nlnn).
However, low density does not imply low multiplicity of the covering, where multiplicity is
the number of copies of C' € C containing each point. Even though the global density of a
covering is low, there can exist local clusters of high multiplicity. Later, Erd6s and Rogers [15]
showed that, for sufficiently large n, there exists such a covering with not only density at most
O(nlnn) but also multiplicity at most O(nlnn). In [?], Fiiredi and I give a new combinatorial
proof of this covering result using methods from probabilistic combinatorics and discrete
geometry. We use this special covering in the proof of the upper bound ¢(n Inn)5" on x(Ry, 1).

3 Rectilinear equilateral sets in R"

Background. This is a 20-year-old problem in combinatorial geometry. Kusner [28]
conjectured that the maximum size of a set whose elements are pairwise equidistant under
the ¢1-norm in R" is 2n. If it is true, this would be sharp. The conjecture has been proved
for n = 3 [7] and n = 4 [41]. Recently, Alon and Pudlak [5] gave an upper bound O(nlnn).
These proofs are very involved and use ideas from embeddings of metric spaces, approximation
theory, etc. However, in the words of the authors, their methods won’t solve the full conjecture.

Results. Since this problem has the same flavor as that of computing x(R?, 1), I have
worked on it as well in [35].

I have converted the problem into a certain coloring of the sphere. It was shown that
the Kusner conjecture is true if and only if any equidistant set X C R? with |X| > %d
contains more than 37‘1 points on a unit ¢;-sphere in R%. Related to this, I have shown that
the maximum size of an equidistant set on the surface of the unit generalized-octahedron (i)
without its extreme point is at most n, and (ii) without two opposite vertices is at most 37",
and both are sharp.

I have also related this problem to the piercing (transversal) number of convex bodies
in R™. For a given family of (at least three) pairwise intersecting ¢;-spheres, what is the

maximum number s such that any s of them in the family touch simultaneously. With an



elementary method, I have shown that s > 3 and the intersection of three spheres is a single
point. It had also been shown in [41], in which arguments in embeddings of metric spaces and
partially ordered sets are used.

Finally, we have shown that in R™ there exists such a family unit generalized octahedron
in which the centers of the unit /;-spheres lie in a convex polytope with at most 2n facets.
More precisely,

Theorem 1 Let X be an equidistant set in R™ and let a,b € X. For each u € X \ {a,b}, if
c® € R" is the center of the £1-unit sphere that contains the three points a,b and u, then the
affine hull of the set {c*|u € X \ {a,b}} is the hyperplane orthogonal to the sign vector of
b — a and passing through the point %.

This theorem yields another proof of the Kusner’s conjecture for n = 3, which was also proved
in [7].

Future work. The s = 3 above is the best for n > 3 by the set Xg = {e; : 1 < i <
n}U{p = (ﬁ, ,ﬁ) € R"}; The four points {e;, ez, e3, p} do not belong to one ¢;-
sphere.But, the size of Xy is small (] Xo| = d+ 1). So, if the size of an equidistant set is large
(such as 2n or even n+2), we hope that the value s can be improved — hopefully s = 1, which
would be enough to prove the Kusner conjecture.

Theorem 1 was used to show the case n = 3 in [35]. I am hoping that this theorem and
other results mentioned together can be used for further cases and I am working on it now.
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