Solution to Practice Exam 2, Math 3303, Spring 2007

Print Your Name:

Direction: Show all your work. Work without sufficient detail will not get full credits.
1. a) Find the general solution of y" + 2y’ + y = 0.

Solution: Auxiliary Equation: m? +2m + 1 =0, so (m + 1)> = 0. Thus, m; = —1 = ma.
Hence, the general solution is
y=Cie " + Coxe™ ™.

b) Using the method of undetermined coefficients, find a particular solution of " 42y’ +y =
sin .

Solution: The associated homogeneous equation is the one in part a) above.
So from a) we know sin z and cos x are not solutions to the homogeneous equation. Hence,
we set
yp = Acosx + Bsinz.

Then y, = —Asinz + Bcosz and y, = —Acosz — Bsinz,

sinz =y, + 2y, + 4,
= (—Acosxz — Bsinzx) + 2(—Asinz + Bcosz) + (Acosx + Bsinx)
= —2Asinz + 2B cos x.

Thus, 1 = —2A and 0 = 2B, and hence A = —% and B = 0. Therefore, y, = —% cos .

2. (3 points) Determine the number of solutions that the boundary value problem y” 4y =
0, y(0) =0, ¢ (g) = 0 has. (7 points) Justify your answer.

Solution: The auxiliary equation of ¥/ +y = 0is m?+1=0. Som? = —land m = &/ —1 =
+i (a=0,0=1).
Thus, the general solution of ¢y’ +y = 0 is y(z) = Cy cosx + Cy sin .

0=1y(0) =Cycos0+ Cysin0 = (4.

Since C; =0, y(z) = Cysinzx and y'(x) = Cs cos x.
T

0=y <§> = (3 cos (g) =(C5-0=0 whatever C5 is.

Thus, y(x) = Cysinz is the solution to the boundary value problem for each and every real
number C5. Therefore, there are infinitely many solutions.

3. Find the general solution of 3" — y = €**.
Solution: The auxiliary equation to the associated homogeneous equation y” —y = 0 is

m? —1 = 0, and hence, m*> = 1. So m = =1, two distinct real numbers. Thus, the
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complementary solution is
Yo = Cre™ " + Che®.

Next, the correct form of a particular solution is y, = Ae**. So Y, = 2Ae%® and Yy, = 4Ae*.
Thus,

X =y —yp
= 4Ae* — Ae*®
= 3Ae*.

So 3A =1 and hence, A = % and y, = +e**. Therefore, the general solution is

1
3

—x T 1 2z
yzyc—l—ypzcle + Cse +§6 .

4. Find the general solution of y” — y = xe®.

Solution: From Problem 3, we have that the complementary solution is
Yo = Che ¥ + Cae”.

Next, our first choice of a particular solution is y, = (Az + B)e”. Here, Be” is a solution
to the associated homogeneous equation (i.e., it overlaps with the complementary solution).
So y, = (Az? + Bx)e” is the correct form of a particular solution.

Yy, = (A2* + Bx)e”,

y, = (2Az + B)e® 4 (Az® + Bx)e” = (Az® + (2A + B)z + B)e”,

yy = (2Az + (2A+ B))e® + (Az? + (24 + B)z + B)e® = (Az? + (4A + B)z + 2A + 2B)e".
S0

ret = yg —yp = (Az? + (4A+ B)x 4+ 2A 4 2B)e” — (A2 + Bx)e® = (4Ax + 2A + 2B)e”.

We get 1 = 4A and 24 + 2B = 0. Thus, A = 1 and B = —1, and y, = (32? —
Therefore, the general solution is

1 1
Y=Y+ Yp = C’1‘9_36 + 02636 + (51’2 — Z:U> ev.

5. Find the correct form of a particular solution y, when you solve ¢y —y = ze® + sinx by
the method of undetermined coefficients. You do not need to solve this equation.

Solution: The general solution of the associated homogeneous equation y” —y = 0 is y. =
Cl e+ C’gef"’.
A first choice of y, is

yp = (Ax + B)e®* + Ccosz + Dsinz.
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Here e” in the first term is a solution of the homogeneous equation y” —y = 0. So our second
choice is

y, =1 - (Ar + B)e® + Ccosz + Dsinz = (Ar* + Bx)e® + Ccosz + Dsinz.

Now none of the terms above is a solution of the homogeneous equation y” —y = 0 and
hence, the correct form of y, is

Yy, = (Ax* + Bx)e® + Ccosx + Dsinz.

6. Solve 3" +y = sec’ z.
Solution: Here we have to use the method of variation of parameters. Since the coefficient
of y"is 1, f(x) = sec? x.

Next, we solve the associated homogeneous equation to find y; and y,. The auxiliary
equation of the associated homogeneous equation 3" +y = 0is m? +1 = 0. So m? = —1 and
m=4y-1=4i (a=0,3=1).

Thus, the general solution of ¥ +y = 0 is y(x) = C} cosz + Cysinz. We take y; = cosx
and ys = sin .

Y1 = cos x, Yo = sin x are two linearly independent solutions to the associated homogeneous
equation. So there is a particular solution of the form vy, = u1y; + usy2, where

, —yaf —sinz sec? —sinzsec’r  —sinx
U, = = = =
1 . )
Y1 Y2 cosr sinx 1 cos?x
(VAT —sinz cosx
where we used sin®z + cos’>z = 1 and secx = —=—. Thus, u; = [ =822%dy = — L 4 (4
. COoS T COs“ T COoS T
where we chose the integral constant C5 to be 0.
Also,
2
, yif COS T sec” & sec
Uy = = . = = sec .
Y1 Yo cosT sinz 1
VAT —sinz cosz

Thus, us = [ seczdr = In|secz + tan x| + Cy where we chose the integral constant Cy to be
0.
Therefore,

1
Yp = WY1 +Uy2 = — (cosz)+ (In|secx+tanzx|)(sinz) = —1+ (In|sec x +tan x|)(sin z).
cos

Finally, the general solution is

Y=y +y,=Crcosx+ Cysinz — 1+ (In|secx + tan z|)(sinx).

7. Show that 1 and tan x are linearly independent.

Solution:

1 tanzx

2

— 2 —
0 sec?q| =5€CT # 0, for example, for x = 0.

Hence, 1 and tan z are linearly independent.
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8. One knows the differential equation y” —23'+y = 0 has two linearly independent solutions
y1 = €” and yo = xe®. Use the reduction of order to derive yo = xe® from y; = e*.

You should begin by setting yo = uy; = ue®. Then using the reduction of order, show that
you could choose u = x. If you do not use the reduction of order, you will get no credit.

Solution: Set yo = yyu = ue®. Then y) = u'e” + ue® and y) = u”e” + 2u'e” + ue®. So
0=yh =2y + 92
=u"e” + 2u'e” + ue® — 2(u'e” + ue®) + ue®
=u"e”. (1)
And v” = 0. Now set &' = a and v = ax + b. So by taking a = 1 and b = 0, we get u = x

and hence, y, = ue® = xe”.

Note: Note that this is relatively easy case because we have u” = 0 after equation (1). In
general, one should expect a first order (more complicated) linear equation in w with w = u/'.



