LEGENDRE, EULER AND BERNOULLI POLYNOMIALS

Vu Kim Tuan! and Nguyen Thi Tinh

The main aim of this work is to obtain some expansion formulas of Legendre
polynomials in either Euler or Bernoulli polynomials. The following formula
of finite summation plays an important role in our discussion.

Lemma 1. For 0 = 0 or 1 the following formula is valid
z": (2n —|— 2l —l— 20)1(1 — 22220 By ols 2042
[(2n —20)1(2m + 20 + 20 + 2)!

=
B (—1)"“(211 +0)!
© 4(4n + 20 + 1)

Ommn, 0<m <n. (1)

Here B, are Bernoulli numbers [3].

Proof. Formula (1) appeared in incorrect form in [5], Chapter 5, 5.1.1.7.
We shall prove it by using the orthogonality relation of the modified Lom-
mel polynomials [2]. Let v,(z) = hop1/2 (Zﬁ), where h,,,(z) are Lommel
polynomials [2]. Then

e 2n + 2k)! x
@) = (=" 2 (2/5)!(271 - )2@!(_

)", (2)

T2

and the sequence {v,(x)} satisfies the following discrete orthogonal relation

’ivn <(21€-1H)2> om ((2k: i 1)2> 2k i T~ 8(421 R (3)

Putting the expressions for v,(z) and v,(z) from (2) into (3), changing
the order of summation and expressing the infinite series through Bernoulli
numbers ([3], Chapter 1, § 1.13) we get formula (1) in case o = 0.

For the case 0 = 1 let t,(x) = 7 v,y () + v, (z)]. We have

2(—1)"(4n + 3) & 2n + 2k + 2)! —x\F
( >(2 ),;](215+1)!(2n—)2k)! (ﬁ) 4)
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and the sequence {t,(x)} satisfies the orthogonal relation

S 1 1 (2n)!r2n+2
= < <n.
gtn ((2]{ + 1)2> (Zk; + 1)2m+4 8(4n + 1)' Omn, 0<m<n (5)

Putting expression (4) into (5), changing the order of summation and replac-
ing the infinite sum by the formula ([3], Chapter 1) we obtain formula (1)
for the case o0 = 1.

Now we shall use the formula of finite summation (1) to prove the following
theorem

Theorem 1. Let {P,(z)} be Legendre polynomial sequence and {E, (z)} be
Euler polynomial sequence [3] . The following equality holds

" (2n + 2k + 20)!
Ponyo(20—1) = ;;) (2k)1(2k + o)!(2n — 2Kk)! Baero (), (6)

n>0;, oc=0orl.

Proof. First, we apply the lemma in case o = 0. Applying the formula ([5],
chapter 2)

[ Ba)Bula)de = a1y @
0 m\ L) Lip\ T )AT = (m+n+2)' m+n+2;
formula (1) can be replaced by
<m <n.
/0 | Z n—Qk) T Unyr o =TEn ®

k::O

If we set 2 Qk)'E ( )
- n + 2%k N

then Py (x) is a polynomlal of degree 2n and we obtain

{(2n)!}?
mémn, 0<m<n. (10)

/0 " By (2) P (2)d =



Noticing that By,,+1 = 0 for m > 0, we have

1
| Piu@) Bama(@)da
i 4(2m + 1)'(2” + 2k,)!(22m+2k+3 — 1)Bgm+2k+3

,;) (2k)1(2n — 2k)1(2m + 2k + 3)!

—0.  (11)

Hence, the polynomial P; (z) is orthogonal to the system {Ey(z), E1(z), ...,
Es,—1(x)} with respect to the weight 1 on the interval [0, 1]. For the sequence
of Legendre polynomials { P,,(2x —1)} is orthogonal on the same interval with
the same weight we have

P} (z) = ap Pon (22 — 1), n > 0. (12)

Comparing the coefficients of z?* in P;, (z) and P, (2x — 1) the scalars a,
can be found to be 1.

Let now o = 1. Replacing (1 — 222N By 010y /(2m + 20 + 4)! in (1) by
integral (7) we get

1 n | !
/ B (z Z 2” + 2k + DBpia(z) o (2n+ 1)'5mn70 <m < n.(13)
0

@m + 1) & (2k)!(2k + 1)!1(2n — 2k)1" ~ (4n +3)!

Setting
(2n + 2k + 2)| Eoqa (z)
kz:%) (2k)!1(2k 4+ 1)!1(2n — 2F)! = Py, 11(), (14)

then P, . ,(z) is a polynomial of precise degree 2n + 1. Completely similar
to the corresponding step in the proof of the theorem in case o = 0 we also
obtain

[} Eenl@)P s a)dz =0, (15)

Hence, P;, ,,(x) is orthogonal to the system {Ey(x), E1(x), ..., Eon(x)} with
respect to the weight 1 on the interval [0, 1]. Hence, there exists a sequence
of scalars {3, } with

Py 1 (2) = BrPons1 (22 — 1), n > 0. (16)

By comparing the coefficients of z***! in Pj, ., (z) and Ps,41(22 — 1) the
scalars 3, can be found to be 1, and the proof of the theorem is finished.
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Similarly, the following theorem holds

Theorem 2. Legendre polynomials are expressed through Bernoulli polyno-
mials B, (z) [3] by the following formula

" (2n + 2k + 20 + 1)! Bogyoi1(x)

Popi110(20 — = 2 , (17
o (22 Z 2k:+a T2k tot Dien—2k+ i 10
n 2 O, c=0or 1.

The proof of Theorem 2 is based on the Lemma
Lemma 2. For 0 = 0 or 1 the formula
zn: 271/ + 204 20 + 1)!BZm+2l+20+2
= (2l +0)!/(2n — 20 4+ 1)!1(2m + 2] + 20 + 2)!
(2n +o+1)!
=(-1)° Omn, 0<m <n, 18
R P P e (18)
is valid.
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