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1. Introdution

Generalized convolution of functions f and g under three operators K,
Ky, K5, and with some weight-function ~ is a function, denoted by the symbol
f * g, such that the following factorization property holds [5] :

K(f * g)(z) = v(2) (K. f)(x) (Kag)(2). (1.1)
It K = K1 = Ky we have the usual classical convolution [3,4]. For
example, for K = K; = Ky = F,. — the Fourier cosine transform 8]

\/>/ ) cos zy dy, (1.2)



the convolution has the form [§]

0w = o= [T Iwlale =y +aa+uldn (13

and the property (1.1) holds

E(f % g)(x) = (E.f)(z) (F.g)(x). (1.4)

Otherwise, there appear ”"exotic” convolutions. An example of generalized
convolutions was first introduced by Churchill [1]

)@ == [T IWlale =y =gl +ulay (1)

and the respective factorization property (1.1) for (1.5) has the form

1

F(f * g)(x) = (Fof)(x) (Feg)(x), (1.6)

where Fj is the Fourier sine transform [8

\/7/ f(y)sin zy dy. (1.7)

Many authors have been studied similar convolutions for Hankel’s trans-
form [10], Stieltjes’ transform [9], Hilbert’s transform [2], G-transform [7],
and integral transforms of Mellin convolution type [6,12]. The present work
is devoted to investigate properties of another generalized convolution for
Fourier cosine and sine transforms, different from (1.5), and its application
to a linear system of integral equations.

2. The generalized convolution

Definition 1. A generalized convolution for the Fourier cosine and sine
transforms is defined as follows:

(0@ = = [~ Wlsiany =gl y = )+ ol + s (1)



Theorem 1. Let f,g € L(R,), then the convolution f ¥ g belongs to
L(R.) and

FAf % 9)@) = (B.f)(@) (Fag)(@),  weR, . (2.2)
Proof. We have
L1 9@ 1de< = [ [T 166 | Ul 2=y 1) |+ ala+y) Doy
1 00
<= [ 1w lay [T m|m+/ () | do]

2 00
:\/—/ | f |dy/ z) | de < oo.
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Hence, the convolution (2.2) belongs to L(R,). Furthermore,

(Fsf)(x) / / sinzusin zv f(u) g(v) du dv

= 71T/OOO /Ooo cosz(u—v) f(u)g(v)du dv—ﬁ/ooo /Ooo cosx(u+v) f(u)g(v)dudv
= [T [ conat r gty + )+ 7y + Dao)ldyde

—71T /Ooo /Dt cosat f(y)g(t — y)dy dt

= 71T/OOO cos xt [/OOO f(y)g(y%—t)czlyﬂL/toO fwgly —t)dy — /Otf(?/)g(t—y)dy} dt
= 71T/OOO cos xt [/OOO fW)gly +t)dy + /Ooo sign(y —t) f(y)g(ly — t])dy } dt
= F.(f % g)(a).

Theorem 1 is thus proved.

Remark 1: Formulas (1.4) and (2.2) show that the convolution f : g

and f i g are commutative. On the other hand, the convolution f * g is non

commutative:
1 1 2 %
= — — 2.3
frg=—gxf+\—f 9 (2.3)



where [} g is the Laplace convolution

= /OZ f(y) g(x —y)dy. (2.4)

Indeed, we have

(F+0)w) = 7= [ Fwlatle =y 1) = o +)ldy

=\/12—W{/O:f(w+8)g(|8|)d$—/m

== { [ s+ ) = 1 s = s+

—l—/_omf(x—l—s ds+/ s—u | ds}

(g% () + @f}jg)(x).

Remark 2: Convolution (2.1) was introduced implicitly, but incorrectly
in [8], where the term sign(y — x) was missing.

o0

(s = 2)g(s) ds

Theorem 2. Let the functions f,g,h belong to € L(Ry). Then the
following formulas hold

(frg)kh=(f*h)kg=Ff*(g*h), (2.5)
Frlgxh)=g% (h*f)=h%(g*f) (2.6)
Frlg*h)y=g*(f*h)=hx(f*g), (2.7)
fR(ghn)=g*(f*h) =h%(f+g), (2.8)

The proof follows easily from formulas (1.4), (1.6) and (2.2). For example,
we have



1,1
= FJ[(f * h) * g].
Hence, (f x 9) ¥ h = (f x h) * g. On the other hand,

E[(f * g) * h] = E,(f)[F.(9) Fu(h)]

= Fu(f)F(g * h) = F[(f * (g * h)].

Therefore, (f * 9) ¥ h = f & (g % h), and formula (2.5) is proved. By the
same way, one can verify the other parts, too.

3. Applications to integral equations

We consider the following linear system of integral equations:
o)+ N [ klay)vy)dy = £ (@), (3.1)

U(@) + 2 [ hlaely)dy = g(@), © € Ry (32)

where ¢ and 1 are unknown functions, f and g are given functions, \; and
Ao denote complex parameters, and k(x,y) and h(z,y) are the kernels that
can be expressed in the form

ka,y) =k(lz—yl]) = kr+y),

h(z,y) =sign(y — z)hi(| z —y |) + h1(x + y). (3.3)

Applying the Fourier sine transform to equation (3.1) and the Fourier cosine
transform to equation (3.2) and using the convolution formulas (1.6) and
(2.2) we obtain a linear system of algebraic equations

Fy(@) + V2r M FL(¥) Fi(ky) = Fy(f),

Suppose that
1— 27T/\1>\2<F5k1)<x>(Fsh1)(x) 7é 0 (35>

for any € R,. Then the linear system (3.4) has the solution
Fo(p) = [Fs(f) = V2r A Fo(g) Fs (k)] /[1 = 2mM Ao Fy (k) Fo(ha)],
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F.(¢) = [Fo(9) = V2mha Fy (/) E(h)l/[L = 2n0 Ao Fy(ky) Fy(h)]. (3.6)

Consider the function v(t) = 2rA\ Aot/ (1 — 2w A Aot) with t = F.(ky 3 hy) =
Fy(ky)Fs(hy). Since v(t) is analytic under the condition (3.5) and v(0) = 0,
by the Wiener-Levi theorem there exists a function [ € L(R;) such that

Fu(l) = 2n M\ Fy (k) Fy(hy) /(1 — 27 M Ao Fy (k1) Fy(hy )] (3.7)
Hence, we obtain
Fy(9) = [Fo(f) = V2r M Fo(g) Fs(ky)][1 + Fo(1)]
= F,(f) = V2rFy (ki # g) + Fo(f 1) = V2aEy((ky % g) + 1).
Therefore,
o=f— 2Nk ¥ g+ fHl— V2 (ki % g) # 1. (3.8)
Similarly, we have

F.(¥) = [Fu(g) — V2m A Fu(f) Fu(h)][1 + Fo(D)]

= F.(g) — V2mAFu(f % hy) + F.(1 % g) — V21 A FL(l % (f % hy)).
Consequently,

=g —V2mAaf * hy+ 1% g— V2l % (f % hy). (3.9)
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