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Abstract

A number of families of elliptic-type integrals have been studied recently
due to their importance and potential for applications in some problems of
radiation physics. The object of this work is to present a unified and general-
ized form of such elliptic-type integrals and to study its properties, including

recurrence formulas and asymptotic expansion.
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1. Introduction

Elliptic-type integrals occur in a number of physical problems and often in
the form of multiple integrals [1, 2]. For example, the problems dealing with
the computation of the radiation field off axis from certain uniform circular
disc radiating according to an arbitrary angular distribution law [3], when
treated with Legendre polynomials expansion method, give rise to the Epstein

and Hubbell [4, 5] family of elliptic-type integrals:
™ _j_l
Qj(k:):/ (1-Kcost) " *d9 : j=0,1,2..., (1.1)
0
and 0 < k < 1.

Elliptic integrals (1.1) have been studied and generalized by many authors.
Here we select and give a brief review of the most relevant results. A detailed

survey of elliptic-type integrals can be found in a recent paper of Al-Zamel

and Kalla [6].

Kalla, Conde, and Hubbell [7] have studied a family of integrals of the

form

R, (k,a,7) = /7r cos?* ! (g) sin?+ 2o <0> (1 — k?cos 0)7%5 do, (1.2)

0 2

where 0 <k <1, Re(y) > Re(a) >0, Re(p)> —1.



The integrals (1.2) generalize the elliptic integrals (1.1) in the sense that
1 .
R, (k,2,1> k), j=012..., 0<k<L

Srivastava and Siddiqi [8] gave a unified presentation of certain families of

elliptic-type integrals in the form:

A

@B (o 1y — [ n2a—1 Q . 23-1 Q g2 el .QQ
A (s k)—/o oS <2> sin <2> (1 k 0089) (1 psin’ 5 de,
(1.3)

where,

0<k<1l Rela), Re(f)>0, \,uec, |p]<]l1.

It can easily be shown that integrals (1.2) and hence (1.1) are special cases

of (1.3) by verifying that

AL (p k) = Ry(k, ,7),

(0.3

— Nl

and 0 < k < 1.

In 1996, Kalla and Tuan [9] have defined yet another generalization of

elliptic-type integrals of the form

(ev,8) [T 201 Q 261 Q 12 B
A(/\mu) (p,0; k) —/0 coS <2> sin <2> (1 k COSH)

A —
(1 — psin® Z) (1 + d cos? Z) do, (1.4)
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where 0 < k <1, Re(a), Re(8) >0, A u,v € C,and either |p|, |6] <1 or p

(or §) € C whenever A =m or v = —m, m € Ny, respectively.

Again, elliptic-type integrals defined by equation (1.3) and hence (1.2) and

(1.1) are special cases of (1.4) as we can see that

a,B . a3 .
Ag)‘aﬂa)"/) (p’ 0’ k) - AE)\,,U,)) (p7 k)v (15)
AGT(p,0:k) = MG (pik) = Ry (k) (1.6)
(3:3) 1 .
Agoy(0,0k) = R, (’f > 1) = Q(k), j=0. (1.7)

In this paper, we present a unified and generalized form of elliptic-type
integrals potentially useful in radiation field problems. The generalized family
of elliptic-type integrals is expresed in terms of the Lauricella hypergeometric
function of n variables F l()n) [10]. A number of recurrence relations are derived
and some special cases are mentioned. We obtain its asymptotic expansion as

k2 — 1.



2. Definition and Explicit Representation

Here we consider a unified and generalized form of a family of elliptic-type

integrals:

Z280 k) = 28V k) = 280 (kK )
= /7T cos®@ ! b sin?7 ! b ﬁ (1 — k? cos 9) b (2.1)
0 2 2/ : 7 ’

where
Re(a), Re(B) >0, |kjj<1, yy,€cC, j=1,2,...,n,

Special Cases:
Case 1: Letn=1, k =k, %zj—i—%, andazﬁz%in (2.1). We get
238 () = /7r (1-Fcosh) " *db=0uk), j=0,1,2..., (22

3 0
where (k) is the Epstein and Hubbell family of elliptic type integrals defined
by equation (1.1).

Case 2: Letn=1, k =k, 71:/1—1—%, and =7 —ain (2.1). We get

o, y—o ™ a— 9 . 90— 9 _#_%
Z((“jj%) (k) = /0 cos® ! <2> sin?7~ 21 <2> (1 — k? cos 0) e

= R, (k,a,7). (2.3)

Case 3: Let n =3, so definition (2.1) will be of the form

(a,8) [T 20—1 0\ . 28—1 0 9 -M
Z(Wlﬂ%%) (kv, ko, ks) = /0 coS (2> sin <2> (1 — kj cos 9)



(1 — k3 cos 6) o (1 — k3 cos 6) ) (2.4)

Now, let

1
M= pt o, e=73=A k= ki,

2
2k3 2 P
= = ky=——
P k/‘g—l 2 p_27
—2k3 —
) = Lo gl =
k3 +1 5240

then from (2.4) we obtain
Z(a’ﬁ) k 1% —5 . 2 - ( 2 )—’Y
(i) \ "\ p=22Vo+2]  \2-p 240
" 0 0 -4 AN AN
2a0-1 (V) . o1 (Y 72 2 (1 2 2 ¥
/0 coS <2> sin <2> (1 k cos@) (1 psin 2) (1—1—5008 2) do

2% 3\ (o
_ (1 _ 2) (1 4 2) ALD (p,8: k). (2.5)

We have

a, ™ a1 (0N . as1 (O & .,
Z((V)ﬁ)(k) :/0 cos?! <2> sin?#~1 <2> 11 (1 — kf cos (9) de

j=1

! a—1 B-—1 - 2\ 2k32 o
:/0(1—u) u H(l—kj) 1—k2_1u du

J

P 7 T(a+p)
Dla+8) [ 4, 0 o2\
NMN@[;ﬁ (1—u) ~g(r—]ﬁ_ﬂ du (2.6)

Hence,



22 2k2 ) .

Fp <B;b17b27"'7bn;a+ﬂ;kg_la"' 2 1
1 n

where F ,g") is the Lauricella hypergeometric function of n variables [10].

By lettingn =3, k1 =k, ko = 1/[%2, ks = /575, we get

[ s 1 A s \ 77
(aﬁ g2\ THT2 P
Ht3AY) ( \/ 0+ 2 ) 1 k <1 p—2> <1+(5+2>

L(@)r(3) . 1 5 2k
T(a+s) P (ﬁ ATt it g k2—1>

B Nt (2 NN (206+1)\ 7 T(a)D(B)
_(1—k:> (2—p> ( 5+ 2 ) '(a+3)
3) (ﬁ;)\,”y,u—i- ;;a‘i‘ﬂ;palié’ k22k_ 1)
__ @-pe+dy D@r()
(5 + 1)7(1 — k2)yts Tla+ )

1 0 2k?
@ ( . 1.4 5
D (ﬁa)\777ﬂ+27a+/67p71+57 k’2—1>’ ( 8)

which agrees with a result of Kalla and Tuan [9].
3. Recurrence Formulas

The following recurrence formulas for Z{*# (k) can be easily derived from
the definition (2.1) by suitable rearranging the integrand and using elementary

trigonometric identities:

7(@.B) (k) = (1 + k?) (Oé B) 7i+1,-~~7n)(k:) _ 2]{;2Z(a+1 53-1—1 V) (k) (3.1)

Y1,

Z(Q’B)Ui') — gla=10) (k) — Zéj)_175+1) (k), (3.2)



Z((%’B) (k) = Z((%’ﬁ_l) (k) — Z((;x)—i-l,ﬁ—l) (k) . (3.3)

From (3.2) and (3.3) we get

a—1, a—1,8+1 a,f—1 a+1,0-1
Z(g) LAY (k) —Z(g) A (k) = Z2%PY (k) —Z((7)+ D (k) . (3.4)

Let n =3 in (3.1). We get the following result, say, for i = 1,

(e, 8 a,B (a+1,8)
28D (ki kaks) = (L4 K2) 2800 (B ke ks) =2k 288D (koK)
(3.5)
If we set

[ p | —o 1
ki=k, ko= ,——, ks =/ —— = - = A dy =
1 y 2 p_27 3 5_’_2771 /’L+ 2772 , and 73 v

then (3.5) can be rewritten as:

b e
i)

To obtain a recurrence relation for R, (k,o,7), let n=1, ky =k, 1 = p+ %,

and § =~ — a, then (3.5) leads to

Zézj;)“)(k) = (1+#?) Zézg)a)(k) - 2k2zézf%’)”*“>(k), (3.7)

and by virtue of (2.3) we obtain a known result given by Kalla et al. [7, p.
282, eq. (34)],
Ry (kya,7) = (14 K2) Ry (ky0,9) = 262 Ry (ka4 1, v +1). (3.8)
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As a special case of (3.2) for n = 3, we mention,

AED (965 k) = NS5 (.50 k) — AL (o 50k) (3.9)

(A7) (A7)

for the elliptic-type integrals of Kalla and Tuan [9].

Another recurrence formula for R, (k, ,7) can be deduced from formula

(3.9), [7, p-281, eq. (33)],

Ru(kaaa'Y):R,U»(k’@_lafy_1)_Ru(kj7a—17’7)' (310)

For n =3, equation (3.3) reduces to a formula for A (p, 3 k)

A (0,63 k) = ALY D (p, 61 k) — ATV (p, 61 k) (3.11)

(1, (A7)

and the following known result [7, p.281, eq. (32)], can be easily derived:

R, (k,a,v) =R, (k,a,7v—1) =R, (k,a+1,7). (3.12)

Finally we mention two special cases of (3.4):

A (0,83 k) — A (p, 65 k) = AT D (0,83 k) — AL (9,65 k)

(3.13)

and

R,(k,a—=1,v=1) =R, (k,a,v—1)=R,(k,a—1,7) = R, (k,a+1,7).

(3.14)



4. ASYMPTOTIC EXPANSION FOR Z(%}” (k)

From formula (2.7) we have

79 (k) = ﬁ (1-k2) 7

i o i (B)msttmn (V) -+ - (7”*1)mn_1

m1=0 My —1=0 (Oé + /B)m1+.._+mn_1 ml! e mnfl!

2Kz \™ 2Kz \"
AV K2 -1

2k2
F <ﬁ+m1+---+mn-1,%;a+ﬂ+m1+---+mn_1;kQ_"1>- (4.1)

Let 3—, be not integer. The analytic continuation formula [1, eq. 15.3.7]

for the Gauss hypergeometric function yields

2k2
F <5+m1+"'+mn—1,7n;04+5+m1+"'+mn—1;kQ_nl>

_ F(Oé‘i‘ﬁ‘i‘ml +-..—|—mn—1)r<’}/n—ﬂ—m1 — .. _mn—l) 1 _kTQL B4mi+-Fmn_1
: () (@) o

K2 -1
R <5+m1+--~+mn_1,1—oz;l—vn+ﬁ+m1+---+mn_1; ng)

D(a+B+my+-+muy )LD (B—yn+mi+-+muq) (1-Kk2\"
F@+mi+-dme) (a4 8=y +mi+-+mu) \ 2k;

k2 —1
mlt T —a—=0—my—=my ;LY = =y — =My
2k2

F (CK + ﬁ) ( ﬁ) <1 — kg)ﬁ (O-’ + ﬁ)m1+---+mn_1 (ki . 1>m1+n.+mn_1
I () T(a) 2k2 ) (1+ 68— Ya)mysome s \ 2k2

k2 —1
Fy <ﬁ+m1+"'+mn171—&31+ﬁ—’7n+m1+"‘+mn1; 712]{;2>
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+

I(a+B)T (58— ) <1 - k) G I (- R B
TOT+0—m) \ 222 ) Dm0+ B T oo

o FY <7n,1+’yn—a—ﬁ—m1—--~—mn1;1+%—5—m1—~-—mn17 kék;l
(4.2)
Consequently,
20 = PO (o)™ (1-a2) T (1-2)
i - i (B)mtetmns (Mg - (=, [k% (k2 — 1)] ™o [kg_l(kg_m
2o mi—omal N B = ) e, LR — 1) A2 (k2_, — 1) k2

k2 —1
o F1 <5+m1+"'+mn—1,1—a;1+5—%+m1+"'+mn—1; gl{:?)

D@D (5= 1) (o0 5L o
F R ari—) (2) 1 (1-%)

i . i (6 B Fy”)m1+---+mn_1 (71)m1 T (anl)mn_l

m1=0 My—1=0 (Oé + ﬁ - 7n)m1+_,,+mn_l ml! e mnil!

2kF \™ [ 2kp, T
\k? -1 k2 -1

oI <%,1—0é—5+%—m1—---—mn_l;l—ﬁ+7n—m1—---—mn_1;

n

2k2
(4.3)

Let v, =f3—¢, £=0,1,2,.... Applying formula [1, eq. 15.3.19] we have

2k2
2F1<ﬁ+m1+..-+mn_1,ﬁ—€;a—l—ﬁ+m1+..._|_mn_1; n )

k2 -1
_ r (O& + 6 +my 4+ mn_1> 1— ki B+mi+-+mp_1
_F(ﬂ‘i‘ml+...—l—mn_1)r(a+€+m1-|-..._|_mn_1) 2kT2L
] i (5 - €>T+f+m1++mn71 (1 — 0 — g — ml —_ e — mn—l)r+€+ml+.“+mn71
=0 rlr+04+my+ - 4 my_y)!
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k2 -1\

FOU7) =Y (B4 7y 1) = ¥ (= 7))

(LR T Bt )
202 T+ i+ + )

T L e = ) (0, (1)
_ 3 22

= Flao+mi+--+mp 1 +0—7) 1
_ P(O‘—i_ﬁ) (1 B kTZL>B (a+ﬁ)m1+---+mn71 (kr% — 1>m1+ e
i (1 - ﬁ)f (6)r+m1+~-~+mn,1 (1 - a)r (a>l+m1+~~~+mn,1 ki -1 "
= rl(r+0+my+-- +my_q)! 2k2

[1n(2k;2)—1n(1—k2)+¢(1+r+£+m1+---+mn_1)+1/J(1+7“>

B+ ) — (= 1) + et ) (Hﬁi)

L(@)I(B) \ 2k
(Oé + 6)m1+_._+mn_1 Z+m1+-§:mn—11 (g +my+ My, — 1 — 1)] (ﬁ . g)T <k721 . 1>r
(/6)m1+"'+mn—1 r=0 (a)m1+---+mn_1+£7r 7"! 2k2
(4.4)
Consequently,
Z9) )= (-8, (282) " (1= k) T (1—#2) ™
oo (k) = (1= 8 (2k2) 7 (1= k) 1T (1= )
]:
$ S O On, RO =D)™ R (= 1))
m1=0 mp—1=0 ml! Tt mn_ll kT2L (k% - 1) kTQL (k’g—l - 1)

- (ﬁ)r mi+-+mp_1 (1— )r ki_ 1 T
;)r! (r ++€++m-i1-+.“+mi_l)! %2 ) {ln (2]{;2) —In (1—k2>

+ Y +r+Lltmi+-dmy ) YL +7) =P (B+r+my+ )

—(a—n)]+ (282)" ﬁn (1-1) 7 Y - oy ! “Wn—l),.nn_l

m1=0 My—1=0 1

2]{% mi 2]{%_1 Mn—1 b+mi—+-+mpy_1—1 (6 . g)r (g +my -+ My — 1 — 1)'
— N Z
kl 1 kn—l

r=0 (Oé)m1+"‘+mn—1+f—7“ r!
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k2 —1\" N N 2\~

AT ) =a=a(2R) (- k) T -K)
n 7j=1

() () ) 7"+m1+ 1 (1 — OZ)T (’yl)ml ce (7n—1)mn,1

z; Z Z (r+f0+my+-+my_1)! vl myl.. my,_y!

m1=0 My—1=0r=0

K (kr = D™ [Faa 2 = D™ (B2 = 1]y, (g2 )
[k’%(k%—l)] lkﬁ(k,%_l—l)] [ ok2 ] I (26%) = In (1= k%) + (1 +7)

+p(1+r+Ll4+mi+-Fmu) —V(a—r) =Y (B+r+m +- 4+ my_q)]

A R, —
+ (21%) I1 (1 - k;j.)

oo o i €+m1+~§:mn1—1 (£+m1+"‘—|—mn_1 —r— 1)'
mi=0  my,_1=0 r—0 () S -
(B=0), (V)y = (=), (K2 =1\ [ 23 \™ 2ky, \"
r! ml! e mn,ﬂ 2]{5721 k% —1 ]{5721_1 —1 .

(4.5)

Let v, =0+, £=1,2,3,... . Ifm;+---+m,_1; </, we have

2k?
F <5+m1+'“+mn1, B+b a+B+mi+- -+ myi; k:2—nl>

_ I‘(a+ﬁ_|_m1_|_..._|_mn_1) (1_]{721)[3—&-!

LB+ 0T («) 2k2
i BAmi+- M 1)pm—em, L= @)y o (E2 =1\
= rli(r+0—my—--—mp_)! 2k2
o (2k2) —=In (1= k2) + (1 +7) — ¢ (B+L+7)
+y(l+r+l—my—--—my) = (a+my+---+my_g —C—71)]
T (Oé LB 4tmy e+ mnfl) 1_ kTQL B+mi+-+mn_1
L(B+1) 2k2
e_ml_'"z_:mnl_l (C=my——myy—r = (B+my+-+mu), (k2—1Y\
= C(a—7) 7! 2k2
(4.6)
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Ifmi+---+m,_1>¥ we have

2k2
o1 (ﬁ+m1+"’+mn—1, B+l atB+mi+ -+ myi; an1>

= r (Oé + B +m;+--- mn,l) 1 — k?% B+mi+t+mp—1
FrB+mi+---+my_)L(a+mi+---+my_qg —£) \ 2k2
o0 (ﬁ _'_ €>r+m1+--.+mn7175 (1 + g —x—Mmp — - — mnfl)r+m1+__+mn717£

D

=0 rl (r+my+---+my_y —0)!

(kél;l)T[ln(zkz)—1n(1—ki)+w(1+r+m1+~-+mn1—€)+w(1+r)

— (B4 Hmit e+ me) = ¢ (a—7)]

T(a+8+my 4 +myy) (1—k\"
L(B+mi+- 4+ mp_1) 2k2

m1+--~+§1—€—1 (mi+-4mp—L—r =11 B+, k2 —1 ' (4.7)
- Flatmit o dmpy—L=r)rl \ 2k )

r=0

Consequently,

Z((jff?-,wn_l,ﬁ+E)(k) = (2]‘“2) a Hl (1 B ka) h
i

(]‘ - a)'f"‘!‘é_ml_"'_mnfl (/6 + g)r (’yl>m1 st (f}/n—l)mn,l
(r+f0—my—--—mu_) rlmy!..  my_q!

> X

r=0ma 1<l

2 _ " 2 \™ 2 Mn—1
(kgkgl) (k%%_l 1) <k§k17l_11> [ln (2/52) —In (1 — k;2) + (1 +7)

+p(l+r+l—my—-—mu )=V (B+l+r)—V(a+mi+-+my_g—L—1)]
(2k2)7" — %
Ly (1-#2) 2(1—/@3)
(B)rsmy gty A=) (C=my = —=mpy =7 = DY)y - (Va-1),

>

T+m1+"'+mn—l<£
L=k \" (R —kD\™ (ke (=KD
2k, ky (1— k) ky (1= k3 )

14
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(2]{;2)7ﬂ 9 _en=l 2\ —i 0 (ﬁ)r+m1+“-+m 1
2 kr—1 11—k i
(8)e ( n ) jl—[l ( J) §m1+~~§1n_12€ (r+my+--+m,_1—4¥)!
(1-a), (71>m1 T (7”_1)mn—1 ki —1 ' ki (k2 —1) " ki oy (k2 —1) e
rimgl. . my, ! 2k2 k2 (k3 —1) k2 (kZ_,—1)
o (2k%) —=In (1= k2) + ¢ (L+r+ma+-+muy— 0 +3(1+7)

+

(e =@ rrmteerma) + (262) T (1)
j=1

Z m1+~~~+§fl—f—1 (ml + - t+my_1 — —r— 1)'

mi+-4mp_1>¢ r=0

(2] P

B0, (M), = (), (K2 =1\ 2k2 \™ 2k, \"
rlmyl. . my, ! 2k2 k?—1 k2, —1 '

(4.8)

Following the same procedure one can establish asymptotic formulas for

other families of elliptic-type integrals.
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