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1. Introduction

Let f € Ly(R) and f be its Fourier transform

~

(FINE =€) = o= [~ 1@

In signal analysis [4], f is called a finite-energy signal, and f is the signal frequency content.
If the signal frequency content f vanishes a.e. outside a band of the form [—o, 0], the
signal is band-limited, and the smallest such ¢ is called the bandwidth of the signal.
Conversely, if the signal frequency content f vanishes a.e. on a band (—o, ), the signal
is called a high frequency signal. A signal is a band-pass frequency signal, if the signal
frequency content vanishes a.e. outside a band [—o9, —01] U [01, 03], 0 < 01 < 09 < 00,
and a signal is a band-stop frequency signal, if the signal frequency content vanishes a.e.
on a band (—o2, —01) U (01,09). They are the outputs of signals transmitting through
some low-pass, high-pass, band-pass, or band-stop (or narrow-band) filters, respectively.
These filters are time-invariant linear systems most commonly used in signal processing.
Therefore, it is very important to characterize those classes of signals. A band-limited
signal is described by the famous Paley-Wiener theorem, stating that a finite-energy signal
f is band-limited if and only if f can be continued analytically into the whole complex
plane as an entire function of exponential type. Another characterization of band-limited
signals was discovered by Bang [1]. His result can be rephrased as follows

Theorem A [1]. A finite- energy signal f is band-limited with bandwidth o if and only if
f is infinitely differentiable, f™ € Ly(R) for all n, and

lim || f™|5" = (1)

Boas [2] was the first to study high frequency signals. He showed that the signal frequency
content f vanishes almost everywhere on the band (—1,1) if and only if

(B(Bf)(x) = —f(x), zeR,
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where B is the Boas transform
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Boas’ characterization is, however, more difficult to verify than a direct application of the
definition of high frequency signals: (F'f)({) =0, &€ (—1,1).

In this paper we shall propose another description of high frequency signals, that is
easier to verify. Together with Bang’s characterization of band-limited signals, it enables
us to describe fully band-pass and band-stop frequency signals.

2. High frequency signals

Let 00
(D))= [ ).

the improper indefinite Riemann integral, and I"™ = (I)". If f(x)(1+ |z|)"~! € Li(R),
then

D) = [T Y )ty = o)

where I¢ is the Weyl fractional integral operator of order . But in general, I"f as an
n-fold primitive of f may exist while I'! f does not converge as an improper Riemann
integral. As an example take f(z) = (1 + iz)~!e™.

Our main result is the following

Theorem 1. Let f € Ly(R). Then f is a high frequency signal if and only if I™f exists
and belongs to Ly(R) for all n, and

Tim, (|77 £} = d < oo. (2)
Moreover,
d=o;", (3)
where R
op =inf{[{|: & €supp f}. (4)

By supp f , or the spectrum of f we denote the smallest closed set outside which the
frequency content f vanishes a.e.

Proof. Necessity: Let f be a high frequency signal. Then o; > 0, and
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Since f vanishes a.e. on (—af,af), then 18 ¢ Li(R), and therefore, by the Riemann-
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Lebesque lemma,
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Consequently,
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Hence, the signal If has a frequency content (fg € Ly(R), vanishing a.e. on (—0y,0;).
Thus [f is also a finite-energy high frequency signal. By induction one can show that
I"f is a finite-energy high frequency signal for any n. Hence, I"f € Lo(R) for any n, and
moreover,

e = [T e LD e 6

The Parseval equality for the Fourier transform ylelds
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Since f vanishes a.e. on the interval (—o 7:07) we have
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Consequently,
n 1/n —
limsup | 1]y < 0. (7)

On the other hand, because o} is the infimum of |€|, where £ belongs to the support of

f, for any positive € we have

/ F(©)Fdg > 0.
o p<|[é|<op+e

Hence,
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and therefore,
hmme["le/n_ > (op+6¢)7" (8)

Because € > 0 is arbitrary, the equalities (2) and (3) follow from (7) and (8).

Sufficiency: Let I" f exist and belong to Ly(R) for any n and let the sequence ||I”f||;/n
converge to d < co. By f, we denote the frequency content of I™f. Then f, € La(R)
for any n. Since £-(I"f)(z) = (—1)"f(z), we have F(&) = (—i&)" f,(€). Hence (fggn =
fn(&) € La(R) for any n, and formulas (5) and (6) hold.




Suppose that f is not a high frequency signal. Then f does not vanish in any neigh-
borhood of 0, and for any € > 0,

J.,. \f@pag > o

Hence,
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and therefore,
n 1/n —
lim |1 f]ly" > €.
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Because € > 0 is arbitrary, it follows

lim [|77f]|3" = oo,

n—o0

that contradicts the assumption of convergence of the sequence ||I"™f ||;/ " Thus, fis a
high frequency signal. The necessity part of the proof then shows that the limit d equals
too;t. O

f
3. Band-pass and band-stop frequency signals

A signal is a band-pass frequency signal if and only if it is both a band-limited and a high
frequency signal. Consequently, from Theorems A and 1 we obtain

Corollary 1. Necessary and sufficient conditions for a finite-energy signal f to be a
band-pass frequency signal are
a) f exists and belongs to Ly(R) for any n, and

lim || £ ||1/n = 0y < 00.

n—oo

b) I"f exists and belongs to Ly(R) for any n, and
lim ||I”f|]1/n =o;! < 0.

Moreover, the spectrum of f belongs to [—oq, —o1| U |07, 03].

Proof. Let f be a band-pass frequency signal, and

= inf{|¢] : £ €supp f}, o9 :=sup{|¢| : £ € supp f}.

Then 0 < 07 < 0y < 00. Since f is a band-limited signal with the bandwidth o,
by Theorem A, the condition a) holds. Because f is also a high frequency signal, by
Theorem 1, the condition b) is valid.

Conversely, let conditions a) and b) hold. From a) and Theorem A it follows that f is
a band-limited signal with the bandwidth 3. From b) and Theorem 1 it follows that f
is a high frequency signal, and the signal frequency content f vanishes a.e on (—oy,01).



Consequently, the spectrum of f belongs to [—oq, —01] U [07,00]. O

On the other hand, the signal frequency content f(€) vanishes a.e. on (—oy, —o1)U(01, 03),

if and only if both f (f + "lzﬂ) vanish on (—%, %), or equivalently, if both signals
(o1+og)wi
et 2

f(z) are high frequency signals. Thus, we have

Corollary 2. A finite-energy signal f is a band-stop frequency signal, and the spectrum
of f does not contain the band (—oq, —o1) U (01,09) if and only if I" (ei<ol+§2>mf(a:)>

exists and belongs to Lo(R) for any n, and
o1+o9)xt 1/”
" (ei( 1+22) f(l')) < 2 ‘
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